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PREFACE 


The present book is a partially modified and extended edition 
of my book On Mathematical Logic and Deductive Method, which 
appeared first in 1936 in Polish and then in 1937 in an exact 
German translation (under the title: Einjiihrung in die vnathe- 
matische Logik und in die Methodologie der Mathematik). In its 
original form it was intended as a popular scientific book; its 
aim was to present to the educated layman— in a manner which 
would combine scientific exactitude with the greatest possilile 
intelligibility— a clear idea of that powerful trend of contiunporary 
thought which is concentrated about modern logic. 3'his trend 
arose originally from the somewhat limited task of stabilizing 
the foundations of mathematics. In its present phase, however, 
It has much wider aims. For it seeks to create a unified conceptual 
apparatus which would supply a common basis for the whole of 
human knowledge. Furthermore, it tends to perfect and sharpen 
the deductive method, which in some sciences is regarded as the 
sole permitted means of establishing truths, and indeed in every 
domain of intellectual activity is at least an indispensable auxiliary 
tool for deriving conclusions from accepted assumptions. 


The response accorded to the Polish and German editions, and 
especially some suggestions made by reviewers, gave rise to the idea 
of making the new edition not merely a popular scientific book, 
but also a textbook upon which an elementary college course in 
lope and the methodology of deductive sciences could be based 

a certain 

lack of suitable elementary textbooks in this domain. 

In order to carry out the experiment, it was necessary to make 
several changes in the book. 

Some very fundamental questions and notions were entirely 
over or merely touched upon in the previor edi tLne 
either because of their more technical character, or in order to 
avoid points of a controvereial nature. As examples may be cited 
uch topics as the difference between the usage of certain lorical 
otions m systematic developments of logic and in the Unm.o*. 
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f lifo the general method of verifying the laws of the 

ISu ol: ulul tir^occssity of a sharp distiaction between 

words and their names, the concepts of the universal class and 

the null class the fundamental notions of the ealculus of relations, 

and finally the conception of methodology as a general science of 

;;lce; In the present edition all these topics are discussed 

(although not all in an equally thorough manner), since it seemed 

to me that to avoid them would constitute an essential gap m an^y 

textbook of modern logic. Consequently, the 

first general part of the book have been more or less extended 

in particular, Chapter II, which is devoted to sent^tja 

calculus contains much new material. I have also added many 

new exercises to these chapters, and have increased the number 
of historical indications. 

While in previous editions the use of special symbols was re 
du!ed to o minimum, I considered it necessary ‘"e P-se" 
edition to familiarize the reader with the elements of logica 
symbolism. Nevertheless, the use of this symbolism m practice 

remains very restricted, and is limited mostly to , 

In previous editions the principal domain 'to"- exampl® 
were drawn for illustrating general and abstract considera 
irhi h school mathematics; for it was, and still is, rny opinion 

Tat elementary mathematics, - ’ mSds 

the simplicity of its concepts and the uniformity of its methods ol 

inference, is peculiarly appropriate 

rhcless in the present edition, particularly in the newly added 
passages, I draw examples more freciuently from other domains, 

pt^neciallv from everyday life. 

Independent of these additions, I have rewritten 
whose mastery by students had been found somewhat difficult. 

The essential features of the book remain unchanged. The prf- 
aJ toTe original edition, the major part o< 
in the next few pages, will give the reader ."fit ,f 

character of the book. Perhaps, however, it is ''eePoWe to po 
out explicitly at this place what he should not expect to find in . 
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First, the book contains no systematic and strictly deductive 
presentation of logic; such a presentation would obviously not lie 
within the framework of an elementary textbook. It was origi- 
nally my intention to include, in the present edition, an additional 
chapter entitled Logic as a Deductive Science, which — as an illus- 
tration of the general methodological remarks contained in 
Chapter VI would outline a systematic development of some 
elementary parts of logic. For a number of reasons this intention 
could not be realized; but I hope that several new exercises on 

this subject included in Chapter VI will to some extent compensate 
for the omission. 


Secondly, apart from two rather short passages, the book gives 

no information about the traditional Aristotelian logic, and con- 

tarns no material drawn from it. But I believe that the space 

here devoted to traditional logic corresponds well enough to the 

small role to which this logic has been reduced in modern science; 

and I also believe that this opinion will be shared by most con- 
temporary logicians. 


And, finally, the book is not concerned with any problems 
belonging to the so-called logic and methodology of empirical 
sciences. I must say that I am inclined to doubt whether any 
special^ logic of empirical sciences,” as opposed to logic in general 
or the logic of deductive sciences,” exists at all (at least so long as 
the word logic” is used as in the present book— that is to say, as 
the name of a discipline which analyzes the meaning of the con- 
cepts common to all the sciences, and establishes the general laws 
governing the concepts). But this is rather a terminological, 
than a factual, problem. At any rate the methodology of empiri- 
cal sciences constitutes an important domain of scientific research. 
1 he knowledge of logic is of course valuable in the study of this 
methodology, as it is in the case of any other discipline. It must 
be admitted however, that logical concepts and methods have 
not up to the present, found any specific or fertile applications 
m this domain. And it is at least possible that this situation is 

^ a consequence of the present stage of methodological 
r^earches. It arises, perhaps, from the circumstance that, for 
the purpose of an adequate methodological treatment, an empirical 



PREFACE 


science may have to be considered, not merely as a scientific theory 
-that is, as a system of asserted statements arranged according 
to certain rules-, but rather as a complex consisting partly of 
such statements and partly of human activities It should be 
added that, in striking opposition to the high development of the 
empirical sciences themselves, the methodology of these sciences 
can hardly boast of comparably definite achievements despite 
the great efforts that have been made. Even the preliminary 
task of clarifying the concepts involved in this domain has not 
vet been carried out in a satisfactory way. Consequently, a 
course in the methodology of empirical sciences must have a quite 
different character from one in logic and must be largely confined 
to evaluations and criticisms of tentative gropings and unsuccessful 
efforts. For these and other reasons, I see little rational justifi- 
cation for combining the discussion of logic and the methodo ogy 
of empirical sciences in the same college course. 

A few remarks concerning the arrangement of the book and its 

use as a college text. ^ 

The book is divided into two parts The first gives a general 

introduction to logic and the methodology of deductive sciences; 
the second shows, by means of a concrete e.xample, the sort of 
applications which logic and methodology find in the construction 
of mathematical theories, and thus affords an opportunity to 
assimilate and deepen the knowledge acquired in the first part. 
Each chapter is followed by appropriate exercises. Brief historical 

indications are contained in footnotes. 

Passages, and even whole sections, which are set off by ^stmsks 

both at the beginning and at the end, contain more difficu 
material, or presuppose familiarity with other passages containing 
such material; they can be omitted without jeopardizing t e 
intelligibility of subsequent parts of the book. This also app les 
to the exercises whose numbers are preceded by asterisks. 

1 feel that the book contains sufficient material for a full-year 
course. Its arrangement, however, makes it feasible to use it m 
half-year courses as well. If used as a text in half-year logic 
courses in a department of philosophy, I suggest the thorough 
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study of its first part, including the more difficult portions, \vith 
the entire omission of the second part. If the book is used in a 
half-year course in a mathematics department— for instance, in 
the foundations of mathematics—, I suggest the study of both parts 
of the book, with the omission of the more difficult passages. 

In any case, I should like to emphasize the importance of work- 
ing out the exercises carefully and thoroughly; for they not only 
facilitate the assimilation of the concepts and principles discussed, 

but also touch upon many problems for the discussion of which 
the text provided no opportunity. 

I shall be very happy if this book contributes to the wider 
diffusion of logical knowledge. The course of historical events has 
assembled in this country the most eminent representatives of 
contemporary logic, and has thus created here especially favorable 
conditions for the development of logical thought. These favor- 
able conditions can, of course, be easily overbalanced by other 
and more powerful factors. It is obvious that the future of logic, 
as well as of all theoretical science, depends essentially upon 
normalizing the political and social relations of mankind, and thus 
upon a factor which is beyond the control of professional scholars. 

I have no illusions that the development of logical thought, in 
particular, will have a very essential effect upon the process of 
the normalization of human relationships; but I do believe that 
the wider diffusion of the knowledge of logic may contribute 
positively to the acceleration of this process. For, on the one 
hand, by making the meaning of concepts precise and uniform 
m Its own field and by stressing the necessity of such a precision 
and unfformization in any other domain, logic leads to the possi- 
bility of better understanding between those who have the will to 
do so. And, on the other hand, by perfecting and sharpening the 
tools of thought. It makes men more critical-and thus makes less 
ikely their being misled by all the pseudo-reasonings to which 
they are m various parts of the world incessantly exposed today. 

I gratefully acknowledge my indebtedness to Dr. 0. Helmer 
w o per ormed the translation of the German edition into English. 
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I want to express my warmest gratitude t^o Dr^A^ 

Mr. L. K. Kbadbr, Pro ’ p j’ q q McKinsev and 

Mr. M. G. White and especially Dr. J. G- 

T~\ "P x> AA7tf'ner who were unspRrins 

Dr. P. p. WIENER, TTntrlish edition. I also owe 

mlTt-Lt'^: rr=r;or"S' wp in reading proois. 
^ Alfrp.d Tarskt 


Harvard University September 1940 


The present book is a photographic reprint of the 
edition, and no large-sc^e '*'*''*“ j of improve- 

rn&Svrb:e'rm:dT;i wis^^^ 

suit in p--"- ««= 

present edition for publication. A. T. 


University of California, 
Berkeley, August 1945 
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FROM THE PREFACE TO THE 
ORIGINAL EDITION 


In the opinion of many laymen mathematics is today already a 
dead science: after having reached an unusually high degree of 
development, it has become petrified in rigid perfection. This is 
an entirely erroneous view of the situation; there are but few 
domains of scientific research which are passing through a phase 
of such intensive development at present as mathematics. More- 
over, this development is extraordinarily manifold: mathematics is 
expanding its domain in all possible directions, it is growing in 
height, in width, and in depth. It is growing in height, since, on 
the soil of its old theories which look back upon hundreds if not 
thousands of years of development, new problems appear again 
and again, and ever more perfect results are being achieved. It 
is growing in width, since its methods permeate other branches of 
sciences, while its domain of investigation embraces increasingly 
more comprehensive ranges of phenomena and ever new theories 
are being included in the large circle of mathematical disciplines. 
And finally it is growing in depth, since its foundations become 
more and more firmly established, its methods perfected, and its 
principles stabilized. 

It has been my intention in this book to give those readers who 
are interested in contemporary mathematics, without being ac- 
tively concerned with it, at least a very general idea of that third 
line of mathematical development, i.e. its growth in depth. My 
aim has been to acquaint the reader with the most important con- 
cepts of a discipline which is known as mathematical logic, and 
which has been created for the purpose of a firmer and more 
profound establishment of the foundations of mathematics; this 
discipline, in spite of its brief existence of barely a century, has 
dready attained a high degree of perfection and plays today a role 
in the totality of our knowledge that far transcends its originally 
intended boundaries. It has been my intention to show that the 
concepts of logic permeate the whole of mathematics, that they 
comprehend all specifically mathematical concepts as special cases, 
and that logical laws are constantly applied— be it consciously or 
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unconsciously - in mathematical reasonings. Finally, I have tried 
to present the most important principles in the con.struction of 
mathematical theories - principles which form the subject matter 
of still another discipline, the methodology of mathematics— and 
to show how one sets about using those principles in practice. 


It has not been easy to carry this whole plan through within 
the framework of a relatively small book without presupposing 
on the iiart of the reader any specialized mathematical knowledge 
or any specific training in reasonings of an abstract character. 
Throughout the book a combination of the greatest possible intel- 
ligibility with the nece.ssary conciseness had to be attempted, with 
a constant care for avoiding errors or cruder inexactitudes from 
the scientific standpoint. A language had to be used which 
deviates as little as possible from the language of everyday life. 
The employment of a special logical symbolism had to be given 
up, although this symbolism is an invaluable tool which permits 
us to combine conciseness with precision, removes to a large degree 
the possibility of ambiguities and misunderstandings, and is 
thereby of essential service in all subtler considerations. The idea 
of a systematic treatment had to be abandoned from the begin- 
ning. Of the abundance of questions which present themselves 
only a few could be discussed in detail, others could only be 
touched upon superficially, while still others had to be passed 
over entirely, with the consciousness that the selection of topics 
discussed would inevitably exhibit a more or less arbitrary char- 
acter. In those ca.scs in which contemporary science has as yet 
not taken any definite stand and offers a number of possible and 
equally correct solutions, it was out of the question to present 
objectively all known views. A decision in favor of a definite 
point of view had to be made. When making such a decision I 
have taken care, not primarily to have it conform to my personal 
inclinations, but rather to choose a method of solution which 
would be as simple as possible and which would lend itself to a 

popular mode of presentation. 

I do not have the illusion that I have entirely succeeded in 
overcoming these and other difficulties. 
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DEDUCTIVE METHOD 
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ON THE USE OF VARIABLES 

1. Constants and variables 

Every scientific theory is a system of sentences which are 
accepted as true and which may be called laws or asserted 
STATEMENTS Or, for short, simply statements. In mathematics, 
these statements follow one another in a definite order according 
to certain principles which will be discussed in detail in Chapter 
VI, and they are, as a rule, accompanied by considerations in- 
tended to establish their validity. Considerations of this kind 
are referred to as proofs, and the statements established by them 
are called theorems. 

Among the terms and symbols occurring in mathematical 
theorems and proofs we distinguish constants and variables. 

In arithmetic, for instance, we encounter such constants as 

"number”, "zero” (“O”), "one” ("1”), "sum” (“-f”). and many 

others. ‘ Each of these terms has a well-determined meaning 

which remains unchanged throughout the course of the considera- 
tions. 

As variables we employ, as a rule, single letters, e.g. in arith- 
metic the small letters of the English alphabet: "a”, "b”, "c”, 

‘ By “arithmetic” we shall here understand that part of mathematics 

which is concerned with the investigation of the general properties of 

numbers, relations between numbers and operations on numbers. In 

place of the word “arithmetic” the term “algebra” is frequently used, 

particularly in high-school mathematics. We have given preference to the 

term “arithmetic” because, in higher mathematics, the term “algebra” 

is reserved for the much more special theory of algebraic equations. (In 

recent years the term “algebra” has obtained a wider meaning, which is 

however, still different from that of “arithmetic”.)— The term “number” 

mil here always be used with that meaning which is normally attached to 

the term “real number” in mathematics; that is to say, it will cover integers 

and fractions, rational and irrational, positive and negative numbers, but 
not imaginary or complex numbers. 

3 
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As opposed to the constants, the variables 

■ • •' ’ " ' ,„v mcanina by themselves. Thus, the quesUon; 

do not possess any meaning y 

^ *• 


“x”, “y”- “2” 


e.g.: 


does zero have such and such a property? 

is zero an integer? 


can be answered in ^ meaniSM"’ ^ question 

rcr:r:o:^X - esamp,e the question: 

is X an integer? 


cannot be answered meaningfully. 


nnoL ue w .11 

In some textbooks of e'etoentary jthmafe^^^ 

less recent ones, one dots possible to attribute an 

which convey the impression 1 symbols 

independent meaning to variable . 

o o^stant numbers” however 

OO”, “ 1 ”, . •; ), but ‘be --»bed 

“variable quantities . “variable number” x could not 

in a gross misunderstanding. h j^^tance, it could be 

possibly have any specified .^ther, the 

neither positive nor from else to case, that 

fs to say, the number would some imes , 

negative, and sometimes equa o ■ existence would 

1"— — Shcatlon of the 

numbers. 

2. Expressions eontaining variables-sentential and designatory 

functions 

In view of the fact that variables do not have a meaning b, 

themselves, such phrases as. 

X is on integer 
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are not sentences, although they have the granunatical form of 
sentences; they do not express a definite assertion and can be 
neither confirmed nor refuted. From the expression: 

X is an integer 

we only obtain a sentence when we replace “x” in it by a constant 
denoting a definite number; thus, for instance, if “x” is replaced 
by the symbol “I”, the result is a true sentence, whereas a false 
sentence arises on replacing “x" by An expression of this 
kind, which contains variables and, on replacement of these 
variables by constants, becomes a sentence, is called a sentential 
FUNCTION. But mathematicians, by the way, are not very fond 
of this expression, because they use the term “function” with a 
different meaning. More often the word “condition” is employed 
in this sense; and sentential functions and sentences which are 
composed entirely of mathematical symbols (and not of words of 
everyday language), such as: 

X + y = 5, 

are usually referred to by mathematicians as formulas. In place 

of “sentential function” we shall sometimes simply say “sentence” 

—but only in cases where there is no danger of any mis- 
understanding. 

The role of the variables in a sentential function has sometimes 
been compared very adequately with that of the blanks left in a 
questionnaire; just as the questionnaire acquires a definite content 
only after the blanks have been filled in, a sentential function 
becomes a sentence only after constants have been inserted in 
pla^ of the variables. The result of the replacement of the 
variables in a sentential function by constants — equal constants 
teking the place of equal variables— may lead to a true sentence; 
m that case, the things denoted by those constants are said to 
Batofy the given sentential function. For example, the numbers 

1, 2 and 2| satisfy the sentential function : 

% 

a: < 3, 

but the nmuhers 3, 4 and 4§ do not. 


% 
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Besides the sentential functions there are some further expres- 
sions containing variables that merit our attention, namely, the 
so-called designatory or descriptive functions. They are ex- 
pressions which, on replacement of the variables by constants, 
turn into designations (“descriptions”) of things. For example, 
the expression: 

2x -f 1 

is a designatory function, because we obtain the designation of a 

certain number (e.g., the number 5), if in it we replace the variable 

* 

“x” by an arbitrary numerical constant, that is, by a constant 
denoting a number (e.g., “2”). 

Among the designatory functions occurring in arithmetic, we 
have, in particular, all the so-called algebraic expressions which 
are composed of variables, numerical constants and symbols of 
the four fundamental arithmetical operations, such as: 

^ 2.(x -b ?/ - z). 

Algebraic equations, on the other hand, that is to say, formulas 
consisting of two algebraic expressions connected by the symbol 
“ = ”, are sentential functions. As far as equations are concerned, 
a special terminology has become customary in mathematics; 
thus, the variables occurring in an equation are referred to as the 
unknowns, and the numbers satisfying the equation are called the 
roots of the equation. E.g., in the equation: 

-b 6 = 5x 

the variable “x” is the unknown, while the numbers 2 and 3 are 
roots of the equation. 

Of the variables “x”, “i/”, ••> employed in arithmetic it is 
said that they stand for designations op numbers or that 
numbers are values of these variables. Thereby approximately 
the following is meant: a sentential function containing the 
symbols “x”, “y”, • • • becomes a sentence, if these sjmibols are 
replaced by such constants as designate numbers (and not by 
expressions designating operations on numbers, relations between 
numbers or even things outside the field of arithmetic like geomet- 
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rical configurations, animals, plants, etc.). Likewise, the vari- 
ables occurring in geometry stand for designations of points and 
geometrical figures. The designatory functions which we meet in 
arithmetic can also be said to stand for designations of numbers. 
Sometimes it is simply said that the symbols “x”, “y”, . . . them- 
selves, as well as the designatory functions made up out of them, 

denote numbers or are designations of numbers, but this is then 
a merely abbreviative terminology. 



Formation of 


sentences by m 
existential 


Leans of variables— universal and 
sentences 


Apart from the replacement of variables by constants there is 
still another way in which sentences can be obtained from sen- 
tential functions. Let us consider the formula: 


^ + y y + X. 

It IS a sentential function containing the two variables “a:” and 

y that IS satisfied by any arbitrary pair of numbers; if we put 

any numerical constants in place of “a:” and “y”, we always ob- 

tam a true formula. We express this fact briefly in the following 
manner : ^ 


for any numbers x and y, x + y = y -{■ x. 

The expression just obtained is already a genuine sentence and, 
moreover, a true sentence; we recognize in it one of the funda- 
mental laws of arithmetic, the so-called commutative law of addi- 

important theorems of mathematics are formu- 
lated similarly, namely, all so-called universal sentences or 
sentences of a universal character, which assert that arbi- 

tmvlrvZ arithmetic, 

arbitrwy numbers) have such and such a property. It has to be 

formulation of universal sentences the phrase 
for any thtnys (or numbers) x,y,...» is often omitted and has 

of LdV commutative law 

of addition may simply be given in the following form : 


» 4- y = y -h 
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This has become a well accepted usage, to which we shall gener- 
ally adhere in the course of our further considerations. 

Let us now consider the sentential function: 


X > y + 1. 

This formula fails to be satisfied by every pair of numbers, if, for 
instance, “3” is put in place of “x” and “4” in place of “ 2 /”, the 

false sentence: 

« 

3 > 4 -b 1 


is obtained. Therefore, if one says: 

for any numbers x and y, a; > ?/ + 1, 

one does undoubtedly state a meaningful, though obviously false, 
sentence. There are, on the other hand, pairs of numbers which 
satisfy the sentential function under consideration ; if, for example, 
“x” and “ 2 /” are replaced by “4” and “2”, respectively, the result 

is the true formula: 

4 > 2 -b 1. 

This situation is expressed briefly by the following phrase: 

for some numbers x and y, x > y + 1, 
or, using a more frequently employed form: 

there are numbers x and y sicch that a: > y + 1. 

The expressions just given are true sentences; they are examples 

of EXISTENTIAL SENTENCES, Or SENTENCES OP AN EXISTENTIAL 

CHARACTER, Stating the existence of things (e.g., numbers) with a 
certain property. 

With the help of the methods just described we can obtain 
sentences from any given sentential function; but it depends on 
the content of the sentential function whether we arrive at a true 
or a false sentence. The following example may serve as a 
further illustration. The formula: 
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is satisfied by no number; hence, no matter whether the words 
“for any number z” or “there is a number x such that" are pre- 
fixed, the resulting sentence will be false. 

In contradistinction to sentences of a universal or existential 

character we may denote sentences not containing any variables, 
such as : 


3 -b 2 = 2 -b 3, 

as SINGULAR SENTENCES. This classification is not at' all exhau.s- 
tive, since there are many sentences which cannot be counted 

among any of the three categories mentioned. An example is 
represented by the following statement: 

for any numbers x and y there is a number z such that 

X = y + z. 

Sentences of this type are sometimes called conditionally 

EXISTENTIAL SENTENCES (as opposed to the existential sentences 
considered before, which may also be called absolutely existen- 
tial SENTENCES) ; they state the existence of numbers having a 

certam property, but on condition that certain other numbers 
exist. 

4. Universal and existential quantifiers ; free and bound variables 
Phrases like: 


and 


for any x, y, . . . 


there 


- such that 


^ caUed goANT, piers; the former is said to be a universal, the 
latter an existential quantifier. Quantifiers are also known 
M operators; there are, however, expressions counted likewise 
™o^ operators, which are different from quantifiers. In the 
Receding section we tried to explain the meaning of both quanti- 
ere. In order to emphasize their significance it may be pointed 

owratoria’ explicit or implicit employment of 

aentence, that is, as the statement of a well-determined assertion 
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Without the help of operators, the “f v'rrmbl^ in the 

formulation of mathematical theorems would be excluded. 

In everyday language it is not customary (though quite possible) 
to reTariabie and quantifiers are also, for this reason, not m 
use There are! however, certain words in general usage which 
exhibit a very close connection with 

words as "every", "all", "a cerimn", “some . The connection 
becomes obvious when we observe that expressions like . 

nil m.p.n are TTlOTtdl 


or 


some men are wise 


have about the same meaning as the following sentences, 
ulated with the help of quantifiers: 


form- 


and 


for any x, if x is a man, then x is mortal 
there is an x, such that x is both a man and wise, 


respectively. 

• For the sake of brevity, the quantifiers are sometime 
by symbolic expressions. We can, for instance, agree to write in 

place of: 


and 


for any things (or numbers) x,y, • • • 
there exist things (or numbers) x, y, • • • such that 


the following symbolic expressions: 


A 

XtV, - • • 


and 


E 


- - W - 

respectively (with the understanding that the 
following the quantifiers are put in parentheses). Accor^g 
this agreement, the statement which was given at the w 
preceding section as an example of a conditionally existe 
sentence, for instance, assumes the following form : 




(I) 


A[E(» 

SiV • 


y + ®)1 


4 
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A sentential function in which the variables “x”, “y”, “2”, • • • 
occur automatically becomes a sentence as soon as one prefixes 
to it one or several operators containing all those variables. If, 
however, some of the variables do not occur in the operators, the 
expression in question remains a sentential function, without be- 
coming a sentence. For example, the formula: 

X = y +.Z 

changes into a sentence if preceded by one of the phrases: 

for any numbers x, y and z; 
there are numbers x, y and z such that; 
for any numbers x and y, there is a number z such that; 
and so on. But if we merely prefix the quantifier: 

there is a number z such that or E 


we do not yet arrive at a sentence; the expression obtained 
namely : ’ 


(II) E(x = y z) 

Z 

is, however, undoubtedly a sentential function, for it immediately 

becomes a sentence when we substitute some constants in the 

place of “x” and “y” and leave “2” unaltered, or else, when we 
prefix another suitable quantifier, e.g. : 


for any numbers x and y or A 




It IS seen from this that, among the variables which may occur 
m a sentential function, two different kinds can be distinguished 
The occurrence of variables of the first kind— they will be called 

VARIABLES— is the decisive factor in determining 
t the expression under consideration is a sentential function 
Wuf a- sentence; in order to effect the change from a sentential 
h^co^JnV ^ necessary to replace these variables 

caUed bounb or apparent variables, however ’ u- 
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In the above sentential func- 
are free variables, and the 


changed in such a transformation.^ 

tion (II), for instance, “x” and “y u a 

symbol “2” occurs twice as a bound variable; on the other harid, 

L expression (I) is a sentence, and thus contains bound variables 
only. 

*It depends entirely upon the structure of the sentential func- 
tion namely, upon the presence and position of the operators, 
whether any particular variable occurring in it is free or bound. 
This may be best seen by means of a concrete example. Let us, 
for instance, consider the following sentential function: 


(III) 


for any number x, if x = 0 or t/ 4^ 0, then 
there exists a number z such that x = y-z- 


This function begins with a universal quantiher containing the 
variable “x”, and therefore the latter, which occurs three times 

in this function, occurs at all these places as 

at the first place it makes up part of the quantifier, while at the 

other two places it is, as we say, bound by the Quantifier The 
situation is similar with respect to the variable “2 For, although 
the initial quantifier of (III) does not contain this variable, we 
can, nevertheless, recognize a certain sentential function forming 
a part of (III) which opens with an existential quantifier con- 
taining the variable “2”; this is the function. 


(IV) 


there exists a number 2 such that x — y-z. 


Both places at which the variable “2” occurs in (HI) belong to 
the partial function (IV) just stated. It is for this reason that 
we say that “2” occurs everywhere in (III) as a bound variable, 
at the first place it makes up part of the existential Quantifier, 
and at the second place it is bound by that quantifier As for 

the variable “y” also occurring in (III), we see that there is no 
quantifier in (III) containing this variable, and therefore it occurs 

in (III) twice as a free variable. 

The fact that quantifiers bind variables— that is, that they 
change free into bound variables in the sentential functions whic 
follow them-constitutes a very essential property of quantifiers. 
Several other expressions are known which have an analogous 
property ; with some of them we shall become acquainted later 
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(in Sections 20 and 22), while some others- — such as, for instance, 

the integral sign— play an important role in higher mathematics.’ 

The term “operator” is the general term used to denote all ex- 
pressions having this property.* 



The importance of variables in 


II 


athematics 


As we have seen in Section 3 variables play a leading role 

in the formulation of mathematical theorems. From what has 

been said it does not follow, however, that it would be impossible 

m principle to formulate the latter without the use of variables 

But in practice it would scarcely be feasible to do without them’ 

since even comparatively simple sentences would assume a com-^ 

plicated and obscure form. As an illustration let us consider the 
following theorem of arithmetic: 


for any numbers x and y, - yz = -f- f .) . 

Without the use of variables, this theorem would look as follows: 

the difference of the third powers of any two numbers is equal to 

the product of the difference of these numbers and a sum of three 

terms the first of which is the square of the first number, the 

secoM the product of the two numbers, and the third the square 
of the second number, ^ 


An even more essential significance, from the standpoint of the 
econozny of thought, attaches to variables as far as mathe 
matical proofs are concerned. This fact will be readily confirmed 

the eliminate the variables in any of 

^hat these proofs Te' 

vnr;« ? m average considerations to be found in the 

attempts at carrying the latter 

siderat diSta tLIT 

tion of variables that we n ^ ^ mtroduc- 
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u +• • with these symbols man acquired a tool that pre- 

of mathematics , with these y j.^pionment of the mathema- 

Exercises 

1 Which among the following 
tions, and which are designatory functions. 

(a) X is divisible by 3, 

(b) the sum of the numbers x and 2, 

(c) 

(d) y* = 

(e) X + 2 < y + 3, 

(f) (x + 3) - (y + 5), 

(g) the mother of x and z, 

(h) X is the mother of z 1 

2 . Give exampie. of sentential and designatory functions from 

the field of geometry. 

3 . The sentential 

me tic and which contain on y given sentential function) 

mreur at several different Pla<i« ^r^Sns satisfied by 

can be divided ‘ satished by any number; (iii) 

So™* skSU -e numbers, and not satisded by othera 

. v„i.b.« were .t,.«i, ~d in „clp. time, b, ^ 

and ^mainly under the influence of the work 

At the beginning of the °° J’ (lMO-1603), people began to work 
of the French mathematician F^ ViB ( M ^^ngiatently in mathb- 

systematically with variables century, however, 

matical considerations. OnlV ‘it ‘he end of role ol 

due to the introduction of the formulation of mathor 

variablesinscientificlanguage andespeciaUy inthy 
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To which of these categories do 
tions belong: 


the following sent('ntial 



(a) a: + 2 = 5 -T j, 

(b) X- = 49, 


(c) {y + ‘2.)- {y — 2) < y-, 

(d) ?/ + 24 > 36, 


(e) 2 = 0 or 2 < 0 or 2 > 0, 

(f) 2 + 24 > 2 + 36 ? 

4 

4. Give examples of universal, absolutely existential and condi- 
tionally existential theorems from the fields of arithmetic and 
geometry. 


5. By writing quantifiers containing the variables “x” and “y” 
in front of the sentential function; 


X > y 


It IS possible to obtain various sentences from it, for instance; 
for any numbers x and y, x > y; 

for any number x, there exists a number y sueh that x > y; 
there is a number y such that, for any number x, x > y. 


Formulate them all (there 
of them are true. 


are six altogether) and determine which 


6. Do the same 
functions; 


as in Exercise 5 for the following sentential 



X + 2/2 > 1 


X IS the father of y 

(assuming that the variables “x" and “y” in 
names of human beings). 


the latter stand for 
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7. State a sentence of everyday language that has the same 
meaning as; 

for every x, if x is a dog, then x has a good sense of smell 
and that contains no quantifier or variables. 

8. Replace the sentence: 

some snakes are poisonous 

by one which has the same meaning but is formulated with the 
help of quantifiers and variables. 

9. Differentiate, in the following expressions, between the free 
and bound variables: 


(a) X is divisible by y; 

(b) for any x, x — y — x + (“2/)> 

(c) if X < y, then there is a number z such that x < y 

and y < z; 

(d) for any number y, if y > 0, 

such that X = y-z; 

(e) if X = y^ and y > 0, 

X > — 2^• 

(f) if there exists a number y such that x > (hen, for 

any number z, x > — z*. 


then there is a number z 
then, for any number z, 


Formulate the above expressions by replacing the quantifiers by 
the symbols introduced in Section 4. 


*10. If, in the sentential function (e) of the preceding exercise, 
we replace the variable “z” in both places by “y”, we obtain M 
expression in which “y” occurs in some places as a free and in 

others as a bound variable; in what places and why? 

(In view of some difficulties in operating with expressioM^ 

which the same variable occurs both bound and free, some 
cians prefer to avoid the use of such expressions altogethef 
not to treat them as sentential functioiw.) 
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*11 Try to state quite generally under which conditions a 

variable occurs at a certain place of a given sentential function as 
a Iree or as a bound variable. 

12. Which numbers sati.sfy the sentential function: 


there is a number y such that 


^ = y, 


and which satisfy: 


there is a number y such that x-y 
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6. Logical constants ; the old logic and the new logic 

The two^large^groul''' The Lst group 

:tSsTte;L wMch are specie ^ • 

case of arithmetic, for ins ancc. between 

dividual numbers or whole classes « ,,bich we 

numbers, operations " h^re among others. On 

used in Section 1 as examp e.’ general character 

the other hand, there are teims o j^bmetic terms which are 

occurring in most of the hfe and in 

met .Jienct which represent an indispensable 

tor convey^ “o,^ a', “ao.'' ‘W’. 

%r". “is”, “s.sr»", “a.~” l\l„7the basis for all 

is a special i is to establish the precise 

even than arithmetic and geomc ry. ,„plete stagnation- 

recently-after a long period of development, in the 

that this discipline has begun , ,p uansfotination with 

course of which it has tndc^””' “ "Ja to ftat of the mathe- 
the effect of assuming a character “ „„„n„aTlCAl. 

matical disciplines; in is also called 

or pKPUCTrvE or svmbouc loo.c, respects,- 

poorsTio. The hdTonfs — Pf- 

rol‘o1 rtroSrand therms that have been 

18 
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established. Fundamentally, the old traditional logic forms only 
a fragment of the new, a fragment moreover which, from the 
point of view of the requirements of other sciences, and of mathe- 
matics in particular, is entirely insignificant. Thus, in regard 
to the aim which we here have, there will in this whole book be 

but very little opportunity to draw the material for our considera- 
tions from traditional logic. ^ 


7. Sentential calculus; negation of a sentence, conjunction and 

disjunction of sentences 

Among the terms of a logical character there is a small dis- 
tinguished group, consisting of such words as “not”, “and” “or” 

etrvdJtl "■‘^"-known to us from’ 

frnr^ ^ Compound sentences 

m simpler ones. In grammar, they are counted among the 

so-called sentential conjunctions. If only for this reason the 

presence of these terms does not represent a specific property of 

any particular science. To establish the meaning a^d Slge of 

Tart of ^ ^J^^entary and fundamental 

p rt of logic, which is called sententul calculus, or sometimes 

propositional calculus or (less happily) theory of deduction 

tinuousdevelopmerolrtWil^^ f 

of the 19lh century namely at the f “‘f towards the middle 

Enilhh mathematieiin G. Boole was pUbilerdSlVS' 

loeic has found it, m„st p^rfeefexme^ ' ,"l "" "'w 

contemporary English logicians A N " w ®Pochal work of the great 

<crSge"-,9m-.o)'3r“'“ ® 

(1848-1925) who, without doubt wL .k ^hege 

century. The eminent contempomry PoHshC"'^ 

J. Lukasiewicz succeeded in giving senteiS 0 "^? 

«mple and precise form and causpH^.vf calculus a particularly 

ibis calculus. extensive investigations concerning 
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Wc will now discuss the meaning ot the most important terms 

of sentential calculus. 

With the help of the word "nol” one forms the negation of 

anv ontence- two sentences, ot which the first is a negation of 
the second, are ealled „hole sen- 

case that'’. Thus, for example, the negation of th 


1 ^ 




reads as follows: 


1 is not a positive integer, 


or else; 


it is not the case that 1 is a positive integer. 


Whenever we utter the negation of a sentence, we 

the idea that the sentence is false; if the sentence is a y 

iti negation is true, while otherwise its negation is false. 

The ioining of two sentences (or more) by the word “and’’ 

results in their so-called conjunction or logicae product , the 
results in manner are called the members op the 

:"t .oTor The eTctohs oe t«e eogicai. pkoouct. If, for 

instance, the sentences: 


O 


ion^>T 


and 


2 < 3 


are joined in this way, we obtain the conjunction: 


2 is a positive integer and 2 



3 . 


ThP statine of the conjunction of two sentences is tantamount 
to stating fhat both sentences of which the conjunction is formed 
L tue If this is actually the esse, then the conjunction is 
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true, but if at least one of its members is false, then the whole 
conjunction is false. 

By joining sentences by means of the word “or” one obtains the 
DISJUNCTION of those Sentences, which is also called the logical 
sum; the sentences forming the disjunction are called the mexM- 

BERS OF THE DISJUNCTION Or the SUMMANDS OF THE LOGICAL SUM. 

The word “or”, in everyday language, possesses at least two 

different meanings. Taken in the so-called non-exclusive 

meaning, the disjunction of two sentences merely expresses that 

at least one of these sentences is true, without saying anything 

as to whether or not both sentences may be true; taken in another 

meaning, the so-called exclusive one, the disjunction of two 

sentences asserts that one of the sentences is true but that the 

other IS false. Suppose we see the following notice put up in a 
bookstore: 

Customers who are teachers or college students are entitled 

to a special reduction. 

Here the word "ot" is undoubtedly used in the first sense, since 

It IS not intended to refuse the reduction to a teacher who is at the 

^me tune a college student. If, on the other hand, a child has 

asked to be taken on a hike in the morning and to a theater in the 
aiternoon, and we reply; 

no, we are goin^ on a hike or we are going to the theater, 

then our u^ge of the word “or” is obviously of the second kind 
smce we intend to comply with only one of the two requests In 

nonexclusive meaning; the d^junction of two sentences! 

sidered true if both or at least one of its members are true and 
otherwise false. Thus, for instance, it may be asserted: 

every number is positive or less than 3, 

^hough it is known that there are numbers which are both 

Hou'i^r -isundersldinp 

th f ^''^'-yday as well as in scientific langnale’ 

to use the word-“«r” by itself only in the first meaning, So 
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replace it by the compound expression “either 
ever the second meaning is intended. 

between the usages of i Y ininpd bv the word “or” only 

common language, and content. (The 

when they are m some way Hopree to the usage of the 

same appfe though perhaps o a^e "'"'S 

r a dlilld I!:,;! and 

I «'^oonTcmpom;Togic ^ou.d presumably be little 
inclined to consider such a phrase as. 


2.2 = 5 or 


New York is a large city 


as a meaningful expression, 

sentence. Moreover, t e usag , j^alagjcal character. 

English is if we believe 

Usually we affirm a d J whieh one. If , for example, 

we look upon a lawn m norma hghU d 

say that the lawn is green or u , ^ j. namely that the 

thing simpler utterLce of a 

lawn IS green. ^^^t he does not know 

which of the -mbera of he d^ron r^tru. ^ 

arrive at the ‘filers was false, we are inclined to 

look upon the whole disjunction ^ a ta se 

the other member p„^/being asked when he is leaving 

“ - s'iK 

told us a lie. 
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The creators of contemporary logic, when introducing the wor 
or into their considerations, desired, perhaps unconsciously, t 
simplify its meaning and to render the latter clearer and indepenc 
ent of all psychological factors, especially of the presence c 
absence of knowledge. Consequently, they extended the usag 
of the word or , and decided to consider the disjunction of an' 
two sentences as a meaningful whole, even should no connectioi 
between their contents or forms exist; and they also decided ti 
make the truth of a disjunction— like that of a negation or con 
junction dependent only and exclusively upon the truth of it 
members. Therefore, a man using the word “or” in the meaninj 
of contemporary logic will consider the expression given above : 

2-2 = 5 or New York is a large city 

as a meaningful and even a true sentence, since its second part h 
surely true. Similarly, if we assume that our friend, who was 
asked about the datfe of his departure, used the word “or” in its 
strict logical meaning, we shall be compelled to consider his 
answer as true, independent of our opinion as to his intentions.* 


8. ImpUcation or conditional sentence; impKcation in material 

meaning 

If we combine two sentences by the words “if . . . then - - ” 
we obtain a compound sentence which is denoted as kn implica- 

SiThTb"' SENTENCE. The Subordinate clause to 

which the word y” is prefixed is called antecedent, and the 
prmcipal clause introduced by the word “then” is called con- 
SEQtjENT. By ^serting an implication one asserts that it does 

An imnli" r true and the consequent is false, 

n implication IS thus true m any one of the following three cases* 

Sst^ltdTe' consequent are true, (ii) the antecedent is 

otnt f 1 antecedent and conse- 

quent are false; and only m the fourth possible case, when the 

antecedent is true and the consequent is false, the whole implica- 

tae ‘Lfat theV°“T “ implication aa 

true, and at the same time accepts its antecedent as true cannot 
ut accept Its consequent; and whoever accepts an implic’ation as 
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true and rejects its consequent as false, must also reject its 

antecedent. 

* As in the case of disjunction, considerable differences between 
the usages of implication in logic and everyday language manifest 
themselves. Agaim in ordinary languap, we tod to ,om two 
sentences by the words “if • • • , then • • • only when there is some 
connection between their forms and contents. This connection is 
hard to characterize in a general way, and only sometimes is 
its nature relatively clear. We often associate with this con- 
nection the conviction that the consequent follows necessarily 
from the antecedent, that is to say, that if we assume the ante- 
cedent to be true we are compelled to assume the consequent, too, 
to be true (and that possibly we can even deduce the consequent 
from the antecedent on the basis of some general laws which we 
might not always be able to quote explicitly). Here again, an 
additional psychological factor manifests itself; usually we formu- 
late and assert an implication only if we have no exact knowledge 
as to whether or not the antecedent and consequent are true. 
Otherwise the use of an implication seems unnatural and its sense 

and truth may raise some doubt. 

The following example may serve as an illustration. Let us 
consider the law of physics. 


every rnetal is malleable) 

and let us put it in the form of an implication containing variables : 

if X is a metal, then x is malleable. 

If we believe in the truth of this universal law, we believe also 
in the truth of all its particular cases, that is, of all implications 
obtainable by replacing “x” by names of arbitrary materials such 
as iron, clay or wood. And, indeed, it turns out that all sentences 
obtained in this way satisfy the conditions given above for a true 
implication ; it never happens that the antecedent is true while e 
consequent is false. We notice, further, that in any of these 
implications there exists a close connection between the antecedent 
and the consequent, which finds its formal expression m the 
coincidence of their subjects. We are also convinced that, 
assuming the antecedent of any of these implications, for instance, 
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“iron is a metal", as true, we can deduce from it its consequent 

“iron is malleable”, for we can refer to the general law that every 
metal is malleable. 

Nevertheless, some of the sentences discussed just now seem 
artificial and doubtful from the point of view of common language. 
No doubt is raised by the universal implication given above, or by 
any of its particular cases obtained by replacing “x" by the name 
of a material of which we do not know whether it is a metal or 
whether it is malleable. But if we replace “x” by “iron” , we are 
confronted with a case in which the antecedent and consequent 

are undoubtedly true; and we shall then prefer to use, instead of an 
implication, an expression such as: 


since iron is a metal, it is malleable. 

Similarly, if for “x” we substitute “clay”, we obtain an implication 
wth a false antecedent and a true consequent, and we shall be 
inclined to replace it by the expression: 

although clay is not a mctalj it is malleable. 

And finally, the replacement of “x” by “wood” results in an 
implication with a false antecedent and a false consequent; if, in 
this case, we want to retain the form of an implication, we should 
have to alter the grammatical form of the verbs: 

if wood were a metal, then it would he malleable. 


The logicians, with due regard for the needs of scientific lan- 
^ages, adopted the same procedure with respect to the phrase 
e/ • ■ then • • as they had done in the case of the word “or”. 
They decided to simplify and clarify the meaning of this phrase 
and to free it from psychological factors. For this purpose they 
extended the usage of this phrase, considering an implication as a 
meaningful sentence even if no connection whatsoever exists 
between its two members, and they made the truth or falsity of 
an implication dependent exclusively upon the truth or falsity of 
the antecedent and consequent. To characterize this situation 
nefly, we say that contemporary logic uses implications in 
materi^ meaning, or simply, material implications; this is 
opposed to the usage of implication in formal meaning 
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".xr.; 

r En The concept of formal implication is not, perhaps, 

ruteclear, but, at any rate it iX"t 

-terial implication, but 

"In ordlrT illustrate the foregoing remarks, let us consider the 
following four sentences , 

if 2-2 = 4 , then N ew York is a large city ; 

if 2-2 = 5 , then New York is a large nty; 

if 2-2 = 4 , then New Y ork is a small city , 

if 2-2 = 5 , then N ew Y ork is a small city . 

s xsrs?;:";- Tixs?"- 

particuLly relevant from any viewpoint whatever, or that we 
apply them as premisses m our arguments. 

It would be a mistake to think that the difference between every- 

cases m which this usage does not co p y difficult 

problem and that we do not believe that he wiU eve' solve it. We 
L then express our disbelief in a jocular form by saying . 

f/ you solve this problem, I shall eat my hat. 

The tendency of this utterance is quite 

• 1! 1.:^^ />rknfionilpnt IS Uudoubtedly f8iS8| 
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since we affirm the truth of the whole implication, we thereby, 

at the same time, affirm the falsity of the antecedent; that is to 

say, we express our conviction that our friend will fail to solve 

the problem in which he is interested. But it is also quite clear 

that the antecedent and the consequent of our implication are in 

no way connected, so that we have a typical case of a material and 
not of a formal implication. 


The divergency in the usage of the phrase “if . . . , then . . . ” 
in ordinary language and mathematical logic has been at the root 
of lengthy and even passionate discussions,— in which, by the way, 
professional logicians took only a minor part.* (Curiously 
enough, considerably less attention was paid to the analogous 
divergency in the case of the word “or”.) It has been objected 
that the logicians, on account of their employment of the material 
implication, arrived at paradoxes and even plain nonsense. This 
has resulted in an outcry for a reform of logic to the effect of 
brmgmg about a far-reaching rapprochement between logic and 
ordmary language regarding the use of implication. 

It would be hard to grant that these criticisms are well-founded, 
there is no phrase m ordinary language that has a precisely 
determmed sense. It would scarcely be possible to find two people 
who would use every word with exactly the same meaning, and 
even m tne language of a single person the meaning of the same 
word varies from one period of his life to another. Moreover the 
meamng of words of everyday language is usually very compli- 
cated; It depends not only on the external form of the word but 
also on the circumstances in which it is uttered and sometimes 
even on subjective psychological factors. If a scientist wants to 


b f ^ to notice that the beginning of this discussion dates 

the Greek philosopher Philo op Megara (in 

^as the first in the history of logic 

tothe Sew^f implication; this was in opposition 

tififi iTi Blaster, Diodorus Cronus, who proposed to use implica- 

toon in a narrower sense, rather related to what is called here the7?™^i 

th^SenceTf ^d century B.C.)-and probably under 

found). beginmngs of sentential calculus are to be 
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, from evervdav life into a science and to 

5 “ 

r • attributes- it does not matter here whether he 

from inessential atiriDuieJs, ,, . 

is a logician concerned with the phrase t/ ■ ■ • , • ■ ' ' 

instance, seientist realises his task, the 

usige of the term as it is established by him will deviate rnore or 
r fron. thp uractice of everyday language. If, however, ne 
sTates rplicUly in what meaning he decides to use the term and 

wilt be in I position to object that his procedure leads to nonsensi- 

“SSeless, in connection with the discussions that have taken 
nlacr some logicians have undertaken attempts to reform the 

Lory of " 

"‘pSon for- — of e * 

nfnd that the possibility of deducing ‘LXre", t 

imoheation • they even desire, so it seems, to place the new concept 
in the foreground. These attempts are of a relatively recent da , 

L^pSronXu-A'ut t„^ be a satisfactory basis for the most 

complicated and subtle mathematical reasonings. 

9, The use of implication in mathematics 
The Phrase “if thm ■■■" belongs to those expressions of 

tho^ of a universal character, tend to have the 

tions ; the antecedent is called in mathematics the hvpothesis, 

and the consequent is called the conclusion. 

. The first alleaipt of Ihi. kind was made by the eontempor.ry America. 
DhiloBopher aod logician C. I. Lewis. 
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As a simple example of a theorem of arithmetic, having the form 
of an implication, we may quote the following sentence: 

if X is a positive number, then 2'x is a positive number 

in which “x is a positive number” is the hypothesis, while “2x is a 
positive number” is the conclusion. 

Apart from this, so to speak, classical form of mathematical 
theorems, there are, occasionally, different formulations, in 
which hypothesis and conclusion are connected in some other way 
than by the phrase ‘Hf . • then • • •”. The theorem just men- 
tioned, for instance, can be paraphrased in any of the following 
forms : 


from: x is a positive number, it follows: 2x is a positive number ; 

the hypothesis: x is a positive number, implies (or has as a 
consequence) the conclusion: 2x is a positive number; 

the condition: x is a positive number, is sufficient for 2x to be a 
positive number; 

for 2x to be a positive number it is sufficient that x be a positive 
number; 

the condition: 2x is a positive number, is necessary for x to he a 
positive number; 

for X to be a positive number it is necessary that 2x be a positive 
number. 

Therefore, instead of asserting a conditional sentence, one might 
usually just as well say that the hypothesis implies the conclusion 
or HAS it AS A CONSEQUENCE, Or that it is a sufficient condition 
for the conclusion; or one can express it by saying that the conclu- 
sion FOLLOWS from the hypothesis, or that it is a necessary condi- 
tion for the latter, A logician may raise various objections 

agamst some of the formulations given above, but they are in gen- 
era! use in matheiuatics. 



formulations 

<•«*, 

n ti 



which might be raised here concern those of the 
in which any of • the wprds “hypothesis”, 
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occur. 
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In order to understand the essential points in these objections, 
we observe first that those formulations differ in content from the 
ones originally given. While in the original formulation we talk only 
about numbers, properties ot numbers, operations upon numbers 
and so on-hence, about things with which mathematics is con- 
cerned- in the formulations now under discussion we talk about 
hypotheses, conclusions, conditions, that is about sentences or 

sentential functions occurring m mathematics. It mig 
noted on this occasion that, in general, people do not distinguish 
clearly enough the terms which denote things dealt with in a given 
science from those which denote various kinds of expressions 
occurring within it. This can be observed, in particular, m the 
domain of mathematics, especially on the elementary level. 
Presumably only few are aware of fact that such terms as 

“equation”, “inequality”, “polynomial or algebraic fraction , 
which are met at every turn in textbooks of elementary algebra, 

do not, strictly speaking, belong to the domain of ^ 

logic, since they do not denote things considered m this domain, 

equations and inequalities arc certain special sentential functions, 
while polynomials and algebraic fractions-especially as they are 
treated in elementary textbooks-are particular instances of 
designatory functions (cf. Section 2). The confusion on this 
point is brought about by the fact that terms of this kind are 
frequently used in the formulation of mathematical theorems^ 
This has become a very common usage, and perhaps it is not worth 
our while to put up a stand against it, since it does not present any 
particular danger; but it might be worth our ^;h‘le to get to 
recognize that, for every theorem formulated with the help of 
such terms, there is another formulation, logically more correct, 
in which those terms do not occur at all. For instance, the 

theorem : 

the equation: x- ax + b = 0 has at most two roots 


can be expressed in a more correct manner as follows; 

there are at most two nimhers x such that + oa: + b = 0. 

Returning to the questionable formulations of an implication, 
we must emphasize one still more important point. In these 
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formulations we assert that one sentence, namely the antecedent 
of the implication, has another -the consequent of the implica- 
tion— as a consequence, or that the second follows from the first. 
But ordinarily when we express ourselves in this way, we have in 
mmd that the assumption that the first sentence is true leads us 
so to speak, necessarily to the same assumption concerning the 
second sentence (and that possibly we are even able to derive the 
second sentence from the first). As we already know from 
Section 8, however, the meaning of an implication, as it was 
established in contemporary logic, does not depend on whether 
its consequent has any such connection with its antecedent. 
Anyone shocked by the fact that the expression: 

if 2-2 = 4, then New York is a large city 

is considered in logic as a meaningful and even true sentence 

will find it still harder to reconcile himself with such a trans- 
formation of this phrase as: 

the hypothesis that 2-2 = 4 has as a consequence that 

New Y ork is a large city. 

We see, thus, that the manners discussed here of formulating 
or transforming a conditional sentence lead to paradoxical sound- 
ing utterances and make yet more profound the discrepancies 
between common language and mathematical logic. It is for this 
reason that they repeatedly brought about various misunder- 
standings and have been one of the causes of those passionate and 
frequently sterile discussions which we mentioned above. 

From the purely logical point of view we can obviously avoid 
all objections raised here by stating explicitly once and for all 
that, m using the formulations in question, we shall disregard 
their usual meaning and attribute to them exactly the same 
content as to the ordinary conditional sentence. But this would 
be inconvenient in another respect; for there are situations— 
though not in logic itself, but in a field closely related to it, namely, 
he methodology of deductive sciences (cf. Chapter VI)— in which 
we talk about sentences and the relation of consequence between 
tnem, and m which we use such terms as ''implies^' and “follows'’ 
in a different meaning more closely akin to the ordinary one. 
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It would, therefore, be better to avoid those formulations al- 
together, all the more since we have several formulations at our 
disposal which arc not open to any of these objections.* 

10. Equivalence of sentences 

We shall consider one more expression from the field of sentential 
calculus. It is one which is comparatively rarely met m every- 
day language, namely, the phrase “f/, and only if”. If any two 
sentences are joined up by this phrase, the result is a compound 
sentence called an equivalence. The two sentences connected 
in this way are referred to as the left and right side of the 

EQUIVALENCE. By asserting the equivalence of two sentences, 

it is intended to exclude the possibility that one is true and the 
other false; an equivalence, therefore, is true if its left and rig 
sides are either both true or both false, and otherwise the equiva- 
lence is false. . j • +-ii 

The sense of an equivalence can also be characterized m still 

another way. If, in a conditional sentence, we interchange 
antecedent and consequent, we obtain a new sentence which, in 
its relation to the original sentence, is called the converse sen- 
tence (or the CONVERSE OF THE GIVEN SENTENCE). Let US take, 

for instance, as the original sentence the implication: 

(I) if X is a positive number, then 2x is a positive number; 

the converse of this sentence will then be : 

(II) if 2x is a positive number, then x is a positive number. 

As is shown by this example, it occurs that the converse of a true 
sentence is true. In order to see, on the other hand, that this is 

not a general rule, it is sufficient to replace “2i” by ‘ x* m ( ) 
and (II); the sentence (I) will remain true, while the sentence (II) 
becomes false. If, now, it happens that two conditional sen- 
tences, of which one is the converse of the other, are both true, 
then the fact of their simultaneous truth can also be expressed by 
joining the antecedent and consequent of any one of the two sen- 
tences by the words “t/, and only if”. Thus, the above two 
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implications — the original sentence (I) and the converse sentence 
(II) — may be replaced by a single sentence: 

X is a positive number if, and only if, 2x is a positive number 

(in which the two sides of the equivalence may yet be inter- 
changed). 

There are, incidentally, still a few more possible formulations 
which may serve to express the same idea, e.g. : 

from: x is a positive number, it follows: 2x is a positive number, 
and conversely: 

the conditions that x is a positive number and that 2x is a positive 
number are equivalent with each other; 

the condition that x is a positive number is both necessary and 
sufficient for 2x to be a positive number; 

for X to be a positive number it is necessary and sufficient that 
2x be a positive number. 

Instead of joining two sentences by the phrase “if, and only if’, 
it is therefore, in general, also possible to say that the relation 
OP CONSEQUENCE holds between these two sentences in both 
DIRECTIONS, or that the two sentences are equivalent, or, finally, 
that each of the two sentences represents a necessary and 

SUFFICIENT CONDITION for the Other. 


11. The for 


I I 


lulation of definitions 


and its rules 


The phrase “if, and only if’ is very frequently used in laying 
down DEFINITIONS, that is, conventions stipulating what meaning 
is to be attributed to an expression which thus far has not occurred 
in a certain discipline, and which may not be immediately compre- 
hensible. Imagine, for instance, that in arithmetic the symbol 
“ ^ ” has not as yet been employed but that one wants to introduce 
it now into the considerations (looking upon it, as usual, as an 
abbreviation of the expression “is less than or equal to’’). For 
this purpose it is necessary to define this symbol first, that is, to 
explain exactly its meaning in terms of expressions which are 
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already known and whose meanings are beyond doubt. To 
achieve this, we lay down the following definition, assummg 
that “>” belongs to the symbols already known: 

we say that x^y if, avd only if, it is not the case that x> y. 

The definition just formulated states the equivalence of the two 
sentential functions: 

X ^ y 


and 

it is not the case that x > y; 

it may be said, therefore, that it permits the transformation of the 
formula “x ^ y” into an equivalent expression which no longer 
contains the symbol “g” but is formulated entirely in terms 
already comprehensible to us. The same holds for any formula 
obtained from “x ^ y” by replacing “x” and “y” by arbitrary 
symbols or expressions designating numbers. The formula: 

3 "i" 2 =5, 

for instance, is equivalent with the sentence. 

it is not the case that 3 + 2 > 5; 

since the latter is a true assertion, so is the former. Similarly, 
the formula: 

4^2 + 1 

is equivalent with the sentence: 

it is not the case that 4 > 2 + 1, 

both being false assertions. This remark applies also to more 
complicated sentences and sentential functions ; by transformmg, 

for instance, the sentence: 

if X and y ^ z, then x ^ z, 

we obtain: 

if it is not the case that x > y and if it is not the case that 

^ ef ihfin. if. in not the case that x ^ z* 
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In short, by virtue of the definition given above, we are in a 
position to transform any simple or compound sentence containing 
the S3rmbol ^ ’ into an equivalent one no longer containing it; 
in other words, so to speak, to translate it into a language in which 
the symbol “g” does not occur. And it is this very fact which 
constitutes the role which definitions play within the mathe- 
matical disciplines. 

If a definition is to fulfil its proper task well, certain precau- 
tionary measures have to be observed in its formulation. To 
this effect special rules are laid down, the so-called rules of 
DEFINITION, which Specify how definitions should be constructed 
correctly. Since we shall not here go into an exact formulation 
of these rules, it may merely be remarked that, on their basis, 
every definition may assume the form of an equivalence; the first 
member of that equivalence, the definiendum, should be a short, 
grammatically simple sentential function containing the constant 
to be defined; the second member, the definiens, may be a 
sentential function of an arbitrary structure, containing, however, 
only constants whose meaning either is immediately obvious or 
has been explained previously. In particular, the constant to be 
defined, or any expression previously defined with its help, must 
not occur m the definiens; otherwise the definition is incorrect, it 
contains an error known as a vicious circle in the definition 
Oust as one speaks of a vicious circle in the proof if the 
argument meant to establish a certain theorem is based upon that 
eorem itself, or upon some other theorem previously proved with 
Its help;. In order to emphasize the conventional character of a 
definition and to distinguish it from other statements which have 
the fonn of an equivalence, it is expedient to prefix it by words 
such as we say It is easy to verify that the above defini- 

conditions; it has the 


» ^ y, 

whereas the definiens reads: 

it is not the case that x > y. 
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It is worth roticing that mathematicians, in laying down 
definitions, prefer the words “if” or “in case that” to the phr^e 
“iY and only if”. If, for example, they had to formulate the 
definition of the symbol “ ^ they would, presumably, give it the 

following form: 

wc say that x g y, if it is not the case that x > y. 

It looks as if such a definition merely states that the definiendum 
follows from the definiens, without emphasizing that the relation 
of consequence also holds in the opposite direction and thus fails 
to express the equivalence of definiendum and definiens. But 
what wc actually have here is a tacit convention to the effect that 
“lY” or “in case that”, if used to join definiendum and definiens, 
are to mean the same as the phrase “if, and only if” ordinan y 
does.-It may be added that the form of an equivalence is not the 

only form in which definitions may be laid down. 


12. Laws of sentential calculus 

After having come to the end of our discussion of the most 
important expressions of sentential calculus, we shall now try 
to clarify the character of the laws of this calculus. 

Let us consider the following sentence: 

if 1 is a positive number and 1 < 2, then 1 is a positive 

number. 


This sentence is obviously true, it contains exclusively constants 
belonging to the field of logic and arithmetic, and yet the idea of 
listing this sentence as a special theorem in a textbook of mathe- 
matics would not occur to anybody. If one reflects why this is so, 
one comes to the conclusion that this sentence is completely 
uninteresting from the standpoint of arithmetic; it fails to enrich 
in any way our knowledge about numbers, its truth does not at 
all depend upon the content of the aritlunetical occurring 

in it, but merely upon the sense of the words and , , tnen . 

In order to make sure that this is so, let us replace m the sentence 

under consideration the components; 

1 is a vositive number 
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1 < 2 

by any other sentences from an arbitrary field; the result is a series 

of sentences, each of which, like the original sentence, is true; for 
example : 

if the given figure is a rhombus and if the same figure is a 
rectangle, then the given figure is a rhombus; 

if today is Sunday and the sun is shining, then today is Sunday. 

In order to express this fact in a more general form, we shall 
introduce the variables and ‘Vy”, stipulating that these 
symbols are not designations of numbers or any other things, 
but that they stand for whole sentences; variables of this kind are 
denoted as sentential variables. Further, we shall replace 
m.the sentence under consideration the phrase: 

1 is a positive number 
by “p" and the formula: 


1 < 2 

by “g”; in this manner we arrive at the sentential function: 

if p and q, then p. 

are obtained if arbitrary sentences arc substituted for “n" and 
atatemlnl: of a universal 

For any p and q, if p and q, then p. 

We have here obtained a first example of a law of sentential 
calculus, which will be referred to as the law of 

considered above was 
y a special instance of this universal law— just as for in 
stance, the formula: ^ 


2.3 = 3.2 
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is merely a special instance of the universal arithmetical theorem: 

/or arbitrary numbers x and y, x-y = y-x. 

In a similar way, other laws of sentential calculus can be ob- 
tained. We give here a few examples of such laws; m th^ 
formulation we omit the universal quantifier for any p, q, ■ • • 
in accordance with the usage mentioned m Section 3, which be- 
comes almost a rule throughout sentential calculus. 


If Vi P- 
If Vi 5 P' 

If p implies q and q implies p, then p if, and only if, q. 

If p implies q and q implies r, then p implies r. 

The first of these four statements is known as the law OF 
identity, the second as the law of simplification for logical 
addition, and the fourth as the law of the hypothetical 

JustlTthe arithmetical theorems of a universal character state 
something about the properties of arbitrary numbers, laws of 
sentential calculus assert something, so one "‘ay say, about the 
properties of arbitrary sentences. The fact that m the- ^ 
only such variables occur as stand for quite arbitrary -ntence 
is characteristic of sentential calculus and decisive for its great 

generality and the scope of its applicability. 


13. Symbolis 


of sentential calculus ; truth functions and 

truth tables 


There exists a certain simple and general method, called method 
OF TRUTH TABLES or MATRICES, which enables us, in any P^ti^fia 
case, to recognize whether a given sentence from the 
sentential calculus is true, and whether, therefore, it can h^ 

counted among the laws of this calculus.® i- 


. 4 :.> 




‘ This method originates with Pbiroh (who has already been cited at 
an earlier occasion; cf. footnote 2 on p. 14). 
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In describing this method it is convenient to apply a special 
symbolism. We shall replace the expressions: 

not; and; or; if . . . , then • . • ; if, and only if 
by the symbols : 


respectively. The first of these symbols is to be placed in front 
of the expression whose negation one wants to obtain; the remain- 
ing symbols are always placed between two expressions 
stands therefore in the place of the word “then’\ while the word 
‘T' is simply omitted). From one or two simpler exprLZs 
we are, m this way, led to a more complicated expression; and if 
we want to use the latter for the construction of further still more 
complicated expressions, we enclose it in parentheses. 

With the help of variables, parentheses and the constant sym- 
bols listed above (and sometimes also additional constants of a 
similar character which will not be discussed here), we are able to 
write dow^ all sentences and sentential functions belonging to the 
domain of sentential calculus. Apart from the individual sen- 
tential variables the simplest sentential functions are the ex- 
pressions : 


V, 


PA?, 


P V ?, 


P 


q, 


p 


q 


(and other similar expressions which differ from these merely in 
the shape of the variables used). As an example of a compoLd 
sentential function let us consider the expression : 

(P V ?) -^ (p A r), 

which we read, translating symbols into common language : 

if p or q, then p and r. 

A still more complicated expression is the law of the hypothetical 
syllogism given above, which now assumes the form : 

I(P — » ?) A (? — )■ r)] (p — > r). 

sentential function occur- 
g n our calculus is a so-called truth function. This means to 
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say that the truth or falsehood of any sentence obtained from that 
fuLtion by substituting whole sentences for variables depends 
exclusively upon the truth or falsehood of the sentences which 
h^ve been suLtituted. As for the simplest sentential functions 
“~n” “p A q", and so on, this follows immediately from the re- 
marks’ made in Sections 7, 8 and 10 concerning the meaning 
attributed in logic to the words “noC, “and", and so on. But the 
same applies, likewise, to compound functions. Let us conside^ 
for instance, the function “ip M q) iv A r)". A sentence o 
tained from it by substitution is an implication, and, therefore, its 
truth depends on the truth of its antecedent and consequent onl^ 
the truth of the antecedent, which is a disjunction obtained from 
‘‘p V 5”, depends only on the truth of the sentences substituted 
for “p” and “q", and similarly the truth of the consequent de- 
pends^only on the truth of the sentences substituted for p and 
-r” Thus, finally, the truth of the whole sentence obtained from 
the sentential function under consideration depends exclusively 

on the truth of the sentences substituted for p , q and r . 

In order to see quite exactly how the truth or falsity of a sen- 
tence obtained by substitution from a given 
depends upon the truth or falsity of the sentences substituted for 

variables, we construct what is called the truth 

for this function. We shall begin by giving such a table for the 

function “^p”; 


p 


T 

F 

F 

T 


And here is the joint truth table for the other elementary tunc- 
tions “p A q", “p V q", and so on: 


P ^ 

T T 
F T 
T F 
F F 


p A g pVg p->g 


T 

F 

F 

F 


T 

T 

T 

F 


T 

T 

F 

T 


T 

F 

F 

T 


The meaning of these tables becomes at once “ 

*e take tbe letters “T” and "F” to be abbreviations of true 
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sentence” and “false sentence”, respectively. In the second table 
for instance, we find, in the second line below the headings “n”’ 

9 and p ^ 9”, the letters “F”, “T” and “T” respectivelv’ 

We gather from that that a sentence obtained from the implica- 

lon p — > 9 IS true if we substitute any false sentence for “n” 

and any true sentence for “9”; this, obviously, is entirely con- 

sistent with the remarks made in Section 8.— The variables “p” 

and 9 occurrmg in the tables can, of course, be replaced by 
any other variables. ^ 

With the help of the two above tables, called fundamental 
thuth tables we can construct derivative truth tables for 
any compound sentential function. The table for the function 
(p V 9) — > (p A r) , for instance, looks as follows: 


p 9 


T 

F 

T 

F 

T 

F 

T 

F 


T 

T 

F 

F 

T 

T 

F 

F 



p V9 

p A r 

(p V 9) 

T 

T 

T 

T 

F 

F 

T 

T 

T 

F 

F 

T 

T 

F 

F 

T 

F 

F 

T 

F 

F 

F 

F 

T 


(p A r) 


In order to explain the construction of this table, let us concen- 

sS^tito?^’ f°“ horixontai line (below the headings). We 

subsbtu^e trae sentences for "p" and "q" and a false sentence 

obtain from -‘u ^ ® fundamental table, we then 

S^MtaufT “(P V s) - (P A r)" we obtiin 

heuL aS£ ^ ^ antecedent and a false consequent; 

which\^thint second fundamental table (in 

“P V o” and “71 A 'n moment replaced by 

senteL ^ implication is a false 

^ consist of symbols “T” and 

oTni 'Eirr vertical Hnes are calM 

on the left of th rather, that part of each row which is 

the vertical bar represents a certain substitution 
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of true or false sentences for the variables. When constructing 
u + ‘ nf n jrivpn function we take care to exhaust all possible 

xvava m which a combination of symbols T and F could Be 
coiTClated to the variables; and, of course, we never write m a 

Hble two rows which do not differ either in the number or m the 

. . 1 „i, i‘T” qnd “F” It can then be seen very 

easily that the number of rows in a table depends in a 

on the number of different variables occurring in the function it 

rmS,'::’ "iunl rus eU to ihe number of Partiai senjentiai 

the whole function is also counted among its partial function ). 

We are now in a position to say how it may be decided whether 
or It se.° once of sententral caierrius is true. As we know, m 
sentenUar^leulus, there is no external difference between sen- 
tences and sentential functions; the only difference 
re fact that the expressions considered to be --s are alwa^ 

completed mentally by the universal ^ 

for it If in the last column of this table, no symbol F occure 

then ever,; sentence obtainable from the '■''‘'.‘“"Alt-rrs em 
substitution will be true, and therefore our 

tence (obtained from the sententral tunetion by "'"A” Lrc„lumn 
the universal quantiffer) is also true. If, however, he last colum 

contains at least one symbol "F”, our sentence « “ ' ^ed 

Thus, for instance, we have seen that m the mat ^ t 

tor the function “(p V «) - (p A r)’ the symbol ^ “'“hi ex- 
times in the last column. It. thereiore, “ i^rds 

“fo an., p e and r”). we would liave a false sentence. On the 

„{her hand',, it can be e.asily verified with the '-'P » A'lTtld ta 
of truth tables that all the laws of sentential calculus stated 

Section 12, that is, the laws of simplification identity and s . 

are true sentences. The table for the law of simplification. 


(p A g) -» V, 
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for instance, is as follows : 


p 

9 

p A q 

(P A g) 

T 

T 

T 

T 

F 

T 

F 

T 

T 

F 

F 

T 

F 

F 

F 

T 


P 


We give here a number of other important laws of sentential 
calculus whose truth can be ascertained in a similar way: 

p V (~p), 

(p V p) <-> p, 


~[p A (~p)], 
(p A p) p, 


(p V 9 ) (g V p), 


(p A g) (g A p), 

[p A (g A r)] [(p A g) A r], [p V (g V r)] [(p V g) V rj. 

The two laws in the first line are called the law of contradiction 
and the law of excluded middle; we next have the two 
LAWS OF TAUTOLOGY (for logical multiplication and addition) • we 

then have the two commutative laws, and finally the two asso- 
CIATIVE LAWS. It can easily be seen how obscure the meaning 
of these last two laws becomes if we try to express them in ordinary 
anguage. This exhibits very clearly the value of logical sym- 

thouSitr ^ instrument for expressing more complicated 

*It occurs that the method of matrices leads us to accept 

sentences as true whose truth seemed to be far from obvious 

before the application of this method. Here are some examules 
of sentences of this kind : examples 


P 


(« P), 


(~p) 


(P ?), 


(p-^g) V (g->p). 

KISS KSS'SL “■ ^ » 



45 


APPLICATION OF LAWS IN INFEREN'CE 


and form its three conjugate 


sentences; 


if 2x is a positive number, then x is a positive number; 

if X is not a positive number, then 2x is not a positive number; 

if2x is not a positive number, then x is not a positive number. 

In this particular example, all the conjugate sentences obtained 
from a true sentence turn out to be likewise true. But this is not 
at all so in general; in order to see that it is quite possible that 
not only the converse sentence (as has already been mentioned in 
Section 10) but also the inverse sentence may be false, although 
the original sentence is true, it is sufficient to replace “2x” by 
“x^” in the above sentences. 

Thus it is seen that from the validity of an implication nothing 
definite can be inferred about the validity of the converse or the 
inverse sentence. The situation is quite different in the case of 
the fourth conjugate sentence; whenever an implication is true, 
the same applies to the corresponding contrapositive sentence. 
This fact may be confirmed by numerous examples, and it finds 
its expression in a general law of sentential calculus, namely the 
so-called law of transposition or of contraposition. 

In order to be able to formulate this law with precision, we 
observe that every implication may be given the schematic form: 

if p, then q; 

the converse, the inverse and the contrapositive sentences will 
then assume the forms: 

if q, then p; if not p, then not q; if not q, then not p. 

The law of contraposition, according to which any conditional 

^ntence implies the corresponding contrapositive sentence, may 
hence be formulated as follows: 

if: if p, then q, then: if not q, then not p. 

In order to avoid the accumulation of the words "if” it is expedient 
to make a slight change in the formulation : 

( I) fTom. if pj then q, it follows that: if not q, then not p. 
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THE 




Those sontoneos assume an ch« ^ 

when reading containing "implies" or "follmss". 

tot is"tf we g?ve them, tor instance, the following form: 

if p is true, then p follows from any « On other words: a (rue 
sentence follows from every sentence), 

if p is false, then p implies any , (in other words: a faUe 

sentence implies every sentence); 

^V<:lfani!t’ :TJf LTt^tLnllel ZX 

this formulation, these 

roXml eX" — made a^t the end of Section 9.- 

14 AppUcation of laws of sentential calculus in inference 

Almost all reasonings in any ^rs^rtr^ 

eitly or implicitly upon this happens. 

Given a sentence having the already spoken in Section 

apart from its converse o inverse sentence (or the 

10, form two further sentences, t contrapositivb ben- 

inverse OF THE GIVEN Q^^ained by replacing both the 

TENCE. The inverse ^ o^the^given sentence by their 

antecedent and the conseq result of interchanging the 

negations. The ^the sentence ; the contra- 

antecedent and the consequ converse of the inverse sentence 

positive sentence is, therefore, .sentence The converse, the 

Ld also the inverse of 

inverse and the As an illus- 

sentence, are referred to as conditional sentence: 


(I) 


number. 



^6 ON THE SENTENTIAL CALCULUS 

We now want to show how, with the help of tWs 1-, jjan 
from a statement having the form of an rmphcatron-for instance, 
from statement (I)-derive its contrapositive statemen . 


(II) applies to arbitrary sentences “p” and "s” 
remains valid if for “p” and “5” the expressions. 


and hence 


and 


xis a positive number 
2 x is a positive number 


are substituted. Changing, for stylistic reasons, the position of 
the word “nol”, we obtain: 

number. _ • 

nnrl flllV (III) bas the form of an implication, 

is just the contrapositive statement m question. 

(IV) a 2 x is not a posihVe nnml-er, then x « nol a positm number. 

.Vnyone knowing the law of contrapositmn oanjn *.sja^ 
recognize the contrapositive sentence as ' P ^ ^ 

previously proved the original «)* respect 

Lily verify, the inverse sen cnee '^“^s t sly, the inveise 

to the converse “'^"d^roithe converse sentence by replacing 
sentence can be obtained f neeations and then inter- 

antecedent and consequen y „„„versc of the given sen- 
changing them); for this rei^on, ^ „ likewise becon- 

tence hns been proved, the inverse proving two 

Mered valid. If, therefore, one has tarceeeded m pmvi^ 

sentenees-the original and its «onvers^ypem> prool 
two remaining conjugate *00^0““® “ . pf oontiw 

poLon are known; one of them is the converse of (II). 


from: 


if nol q, then not p, it follows (hat: if P» 9 * 
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This law makes it possible to derive the original sentence from the 
contrapositive, and the inverse from the converse sentence. 


16. Rules of inference, complete proofs 


We shall now consider in a little more detail the mechanism 
itself of the proof by means of which the sentence (I\ ) had been 
demonstrated in the preceding section. Be.^ides the rules of defi- 
nition, of which we have already spoken, we have other rules of a 
somewhat similar character, namely, the uui.ks of i.vferknc k or 
RULES OF PROOF. These rules, which must not be mistaken for 
logical laws, amount to directions as to how sentences already 
known as true may be transformed so as to yield new true .sen- 
tences. In the proof carried out above, two rules of demonstra- 
tion have been made use of: the rule of substitution and the 
RULE of det.\chment (also known as the modus ponens rule). 


The content of the rule of substitution is as follows. If a sen- 
tence of a universal character, that has already been accepted as 
true, contains sentential variables, and if these variables are re- 
placed by other sentential variables or by sentential functions or 
by sentences always substituting equal expre.ssions for equal 
variables throughout—, then the sentence obtained in this way 
may also be recognized as true. It was by applying this very rule 
that we obtained the .sentence (III) from sentence (II). It .should 
be emphasized that the rule of .substitution may also be applied 
to other kinds of variables, for example, to the variables “x” 
“y”, de.signating numbers: in place of these variables, any 
symbols or expressions denoting numbers may be substituted. 


The formulation of the rule of substitution as given here is not 
quite precise. This rule refers to such sentences as are composed 
of a universal quantifier and a sentential function, the latter con- 
aming variables bound by the universal quantifier. When one 

substitution, One omits the quantifier 
and substitutes for the variables previously bound by this quanti- 

functiinr '^hole expressions (e.g., sentential 

functions or sentences for the variables “p” ‘W’ ‘y ... and 

expressions denoting numbers for the variables ’/“z” ! . . ) • 
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other bound v.™«es nbich ™ay ocour^in 

rtr”t:fo;™r^^:he s„bsf.t„.ed expre^ione; i, 

■ “ .'h-rr 'iuTr'r :: Lrtttra — 

JanJe!" applying the rule of substitution to the sentence: 

for amj number x there is a number y such that x + y = 5, 

the following sentence can be obtained; 

there is a number y such that 3 + 2 / — 5, 

but also the sentence; 

for any number z there is a number y such that z- + 2 / = 5, 
"“'r con'lh, in. for, ai.hou.h 

J^rue we might in this way arrive at a false sentence. F 
stance, by substituting “3 - y’\ we should obtain. 

there is a number y such thdt (3 — 2/) + 1/ ~ 

The rule of detachment states that, if two sentences are accepted 
as true of which one has the form of an implication while the 
other is’ the antecedent of this implication, then that sentence 
also be recognized as true which forms the 

the whole implication.) By means of 

had been derived from the sentences (III) and U). 

It can be seen that from this that, in the proof of the sentwee 
(IV) as carried out above, each step consisted ^PP ^ 

with these properties: the initial members are 
were already previously accepted as true; 

ber is obtainable from preceding ones by applying a ru ^ . 
ence ; and finally the last member is the sentence to be pto^ 
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It should be observ'ed wliat an oxtremoly eleniontary form 
from the psychological point of view— all mathematical reasonings 
assume, due to the knowledge and application of the laws of logic 
and the rules of inference; complicated mental processes are en- 
tirely reducible to such simple activities as the attentive observa- 
tion of statements previously accepted as true, the perception of 
structural, purely external, connections among these statements, 
and the execution of mechanical transformations as prescribed by 
the rules of inferenco. It is obvious that, in view of such a pro- 
cedure, the possibility of committing mistakes in a proof is reduced 
to a minimum. 



of specifically mathematical expressions from 
the fields of arithmetic and geometry. 

^ following two sentences between the 
yecifically mathematical expressions and those belonging to the 
domam of logic: ^ 

(a) for any numbers x and y, if x> 0 and y <0 then 

there ts a number z such that 2 < 0 and x = y.z- ’ 

A A and B there is a point C which lies between 

A and B and is the same distance from A as from B. 

tent 


3 


and 



3 . 


What number satisfies this conjunction? 

which of its two meanings does the 
the following sentences; 


word 


“or” occur in 


(a) iwo roaya were open to him.- to belroy hie country or to die: 


tj I cupti u lot of tnoTioy 

journey. 


on a 
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Give further examples in which the word or is used in its first 
or in its second meaning. 

*5. Consider the following conditional sentences: 

^a) if today is Monday, then Umorrow is Tuesday; 

(b) if today is Monday, then tomorrow is Saturday; 

(c) if today is Monday, then the 2hth of December is Christmas 

day; 

(d) if wishes were horses, beggars could ride; 

(e) If a number is divisibU by 2 and by 6, then it is divisible 

by 12; 

(f) if 18 is divisible by 3 and by 4, then 18 is divisible by 6. 

Which of the above implications are true and which are false from 
pLt of view of mathematical logic? In which cases does the 

question of meaningfulness and of truth or f al^ty raise 

tion to the sentence (b) and examine the question of ^ truth as 
dependent on the day of the week on which it was uttered. 

6. Put the following theorems into the form of ordmary condi^^ 
tional sentences: 

(a) for a triangle to be equilateral, it is sufficient that the angles of 
the triangle be congruent; 








by 6. 




Give further paraphrases of these two sentences. 


7. Is the condition: 


x-y > 4 


necessary or sufficient for the validity of. 

X > 2 and y > 2 ? 
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8- Give alternative formulations for the following sentences c 

(a) X is divisible by 10 ifj and only if^ x is divisible both by 2 and 
by 5; 


(b) for a quadrangle to be a parallelogram it is necessary and suffi- 

dent that the point of intersection of its diagonals be at the same time 
the midpoint of each diagonal. 

Give further examples of theorems from the fields of arithmetic 
and geometry that have the form of eQuivalences. 

9. Which of the following sentences are true: 

(a) o triangle is isosceles if, and only if, all the altitudes of the 
triangle are congruent; 

(b) the fact that x 4: 0 2S necessary and sufficient for x* to be a 
positive number; 


(c) the fact that a quadrangle is a square implies that all its angles 
are right angles, and conversely; 

(d) /Of" ^ Jo be divisible by 8 it is necessary and sufficient that x 
be divisible both by 4 and by 2 ? 

» 10. Assuming the terms ‘‘natural number" and “product" (or 
jpw i^ , respectively) to be known already, construct the defini- 
tion of the term ‘divisible", giving it the form of an equivalence: 

we say that x is divisible by y if, and only if, 

te™ "paraad” ; what 

this purpose? 


• • • 


11. Translate the following symbolic 
language : 


expressions into 


ordinary 


(a) [(v^p) — > p] _> 

(b) [(v-.^p) V g] (p g)^ 

1 

(c) ['^(p V (?)] (p -» g), 

(d) (v^p) V [g (p g)j. 
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Direct special attention to the difficulty in distinguishing in ordi- 
nary language the three last expressions. 

12. Formulate the following expressions in logical symbolism. 

(a) if not p or not q, then it is not the case that p or q; 
b if V implies that q implies r, then p an4 q together rmply r. 
S if r foLs from p an, if r foUoms from q, then r foUo^s 
from p or q. . 

13. Construct f “ n\Trpre^ tunftions as 

fe=: \lra? foes fhf i:! determine which of these 

sentences are true: 


(a) ^ P 


(b) I 

[ 


Cp a ?)] 

Cp V g)l 


K 

IC 


p) V C 

p) A ( 


q)], 

g)L 


(c) 


Ip A (g V r)l 
[p V (g A r)l 


[Cp a g) V Cp a 01, 
[Cp V g) a Cp V 01 


IP V ky A 

Sentence (a) is the law of distributive 

^o-^r^g^T— - addition and for 
logical addition with respect to multiplication) 

epf di^u/aU 

“trirlTntx r a positive number implies that -r is a nega. 

quadrangle is a rectangle, then a circU can be dream- 
sevibed about it* 

^^yfanlxa^pH" f ^r "ate — s which are all false 

w A Db Morgan C1806-1878) , an eminent 
* These laws were given by A. Db Morgan 

English logician. 
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16. Explain the following fact on the basis of the truth table for 
the function “p q” : if in any sentence some of its parts which 
are themselves sentences (or sentential functions) are replaced by 
equivalent sentences, then the whole new sentence obtained in 
this way is equivalent to the original sentence. Some of our 
statements and remarks in Section 10 were dependent on this 
fact; indicate where this was the case. 

17. Consider the following two sentences: 

(a) from: if p, then q, it follows that: if q, then p; 

(b) from; if p, then q, it follows that: if not p, then not q. 

Suppose these sentences were logical laws, would it be possible to 
apply them in mathematical proofs in an analogous way to the 
law of contraposition (cf. Section 14)? What conjugate sentences 
would it be possible to derive from a given asserted implication? 

Consequently, can our supposition be maintained that the sen- 
tences (a) and (b) are true? 

18. Confirm the conclusion which has been reached in Exer- 
cise 17 by applying the method of truth tables to the sentences 
(a) and (b). 


19. Consider the following two statements: 

the fact that yesterday was Monday implies that today is Tuesday; 

the fact that today is Tuesday implies that tomorrow will be 
Wednesday. 

What statement may be deduced from them in accordance with 
the law of the hypothetical syllogism (cf. Section 12)7 

♦ 4 

*20. Carry out the complete proof of the statement obtained in 
the preceding exercise; use the statements and law of the hypo- 
thetical syllo^ mentioned thece, and apply— in addition to the 
rule off substitution and the we of de^hment— the following 
mle of inference: if any two sentences are accepted as f^e;- then 
then conjunction may hejrepomized as true. 
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ON THE THEORY OF IDENTITY 


16. Logical concepts outside sentential calculus; concept of 

identity 

Sentential calculus, to which the preceding chapter 

cenren constitutes undoubtedly the 

Er b t ““i 

ever does not form a sufBcient basis for the foundation of other 
lienees and in particular, not of mathematics ; various concepte 
ll'Shlr V of logic are constantly — ^ m math, 
matical definitions, theorems and proofs. Some 
discussed in the present and in the following two chapters. 

Among the logical concepts not 
the concept of identity or equality is probab y 
has the greatest importance. It occurs in p rases sue 

X is identical with y, 


X is the same as y, 
X equals y. 

expression : 

I = y. 


Instead of writing ; 

X is not identical with y 

54 
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X is different from y 
we employ the formula: 

The general laws involving the above expressions constitute a 
part of logic which may be called the theory of identity. 


17. Fundamental laws of the theory of identity 

Among the logical laws concerning the concept of identity the 
most fundamental is the following: 

1. X = y if, and only if, x has every property which y has, and 
y has every property which x has. 


We could also say more simply: 
x = y if, and only if , x and y have every property in common. 

Other and perhaps more apparent, though less correct, formula- 
tions of the same law are known, for instance: 

X = y if, and only if, everything that may he said about any 
one of the things xory may also be said about the other. 

Law I was first stated by Leibniz^ (although in somewhat 
different terms) and hence may be called Leibniz’s law. It has 
the form of an equivalence, and enables us to replace the formula: 


^ = y, 

which IS the left side of the equivalence, by its right side, that is 

by an expression no longer containing the symbol of identity 

With respect to its form this law may, therefore, be considered 

^ the definition of the symbol “ = ”, and so it was considered 

by Leibniz himself. (Of course, to regard Leibniz’s law here 

as a de^tion would make sense only if the meaning of the 

symbol “ = ” seemed to us less evident than that of the expressions 

on the right side of the law, such has every property which y 
Afls”; cf. Section 11). ^ ^ n y 

^ Cf. footnote 1 on n. 19. 
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As a consequence of LniBNis’s law we have the ^ 

which is of great practical importance: If, in a cer , 

a formula having the form of an equation, e.g.: 

has been assumed or proved.tef 'it is P'> 7 ';»'ble ‘o 

euuaWon by its right side, e g. “t" by "v". and conversely. It 

understood that, should •'x" occur at ^veral P'“ " 
mav at some places be left unchanged and at others replacea oy 
“ v” • there is thus, an essential difference between the rule no^v un- 
t^which does not permit such a partial replacement of one symbol 
bv another. 

From Leibniz’s law we can derive a number of other laws 

belonging to the theory of identity, that arc frequently applied in 
belong g psneciallv in mathematical proofs. 

II Everything is equal to itself x - x. 

PnooF. Substitute, in Leibniz’s taw, ”x” tor “y”; we obtain: 

x^x iS, and '{• * has mry properly which i has, and 

X has every property tvhich x has. 

We can of course, simplify this sentence by omitting its Iwt 

toTogy stated in Section 12). The sentence assumes then the 
following form: 




if and only if, x has every properly which x has. 


I 


which was to be proved. 
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III. If X = y, then y = x. 

Proof. By substituting, in Leibniz’s law, “x” for “y” and 
“y” for “x”, we obtain: 


y 


X 


if , and only if, y has ev'^ry property which x has, and 
X has every properly which y has. 


Let us compare this sentence with the original formulation of 
Leibniz’s law. We have here two equivalences, the right sides 
of which are conjunctions differing only in the order of their mem- 
bers. Hence the right sides are equivalent (cf. the commutative 

law of logical multiplication in Section 13), and the left .sides, 
that is, the formulas: 


X — y and y — x 

must, therefore, be also equivalent. A fortiori we may assert 

that the second of these formulas follows from the first, as it is 
stated in our law. 

IV. If X = y and y = z, then x ~ z. 

Proof. By hypothesis, the two formulas: 

( 1 ) X — y 

and 


are assumed valid. According to Leibniz’s law, it follows from 
formula (2) that everything that may be said about y may also 
be said about z. Hence we may replace the variable “y” by 
in formula (1), and we obtain the desired formula: 



, a; - 2 and y ^ z, then x = y; in other words, 

two thxr^js equal to the same thing are equal to each other. 

This law can be proved in a way quite analogous to the pre- 

deduced from Laws III and IV. without 
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•Although the meaning of such expressions as: 

X = y or x^y 

U Mpnt these expressions are sometimes misunder- 

seems to be evide , ■ ^j^at the formula : 

stood. It seems obvious, for instance, rn 

3 = 2 + 1 

, a true assertion, and yet some 

as to its truth. I- then op.mon, t-J-Jor JP 

that the symbols 3 ana j entirely different shapes, 

viously false since these ® wjthat may be said 

and, therefore, it is no r about the other (tor 

about one of these s^ o s tn ^ second is not), 

instance, the first symbol is a single sign, 

f ii • it IS well to TTlftlvG ciG&r 

In order to avoid doubts o ^ principle upon which the 

to oneself a very general and dependent. According to 

useful employability of any '^ngu g something 

long as the thing talked Let us imagine, for ex- 

S:' 'fhar„rhr : — bm* stL in fmnt of and that 

we state the following sentence : 

this stone is blue. 

To none, presumably, 

this sentence the words this that is to say, to blot 

designation of the thing y ^ ^'or, 

- C': ^ht consisting in part of . 
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stone and in part of words, and thus at something which would 
not be a linguistic expression, and far less a true sentence. 

This principle is, however, frequently violated if the thing talked 
about happens to be a word or a symbol. And yet the application 
of the principle is indispensable also in this case; for, otherwise, 
we would arrive at a whole which, though being a linguistic ex- 
pression, would fail to express the thought intended by us, and 
very often might even be a meaningless aggregate of words. Let 
us consider, for example, the following two words: 

well, Mary. 

Clearly, the first consists of four letters, and the second is a 
proper name. But let us imagine that we would express these 
thoughts, which are quite correct, in the following manner; 

(I) well consists of four letters; 

(II) Mary is a proper name; 

we would then, in talking about words, be using the words them- 
selves and not their names. And if we examine the expressions 
(I) and (II) more closely, we must admit that the first is not a 
sentence at all since the subject can only be a noun and not an 
adverb, while the second might be considered a meaningful sen- 
tence, but, at any rate, a false one since no woman is a proper name. 

In order to avoid these difficulties, we might assume that the 
words “well” and “Mary” occur in such contexts as (I) and (II) 
in a meaning distinct from the usual one, and that they here 
function as their own names. In generalization of this view- 
point, we should have to admit that any word may, at times, 
function as its own name; to use the terminology of medieval 
logic, we may say that, in a case like this, the word is used in 
supposiTio MATERiALis, as Opposed to its use in suppositio for- 
malis, that is, in its ordinary meaning. As a consequence, every 
word of common or scientific language would possess at least two 
different meanmp, and one would not have to look far for ex- 
amples of situations in which serious doubts might arise as to 
wtuch meaning was intended. With this consequence we do not 
wish to reconcUe ourselves, and therefore we will make it a rule 
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that every expression should differ (at least in writing) from 
its name. 

:‘”,;:fpress?; "d dD can* now be stated correctly and 
without ambiguity, thus; 


(10 
(IIO 


“well” consists of four letters; 
“Mary” is a proper name. 


In the light of these remarks all possible doubts as to the 
meaning and the truth of such formulas as: 

3 = 2+1 

A- iIpH This formula contains symbols designating certain 
but i “ot conuin “^btrd 

IhO:: symbols 

may, admittedly, replace “ ;'*S,at the symbols 

03” and “2 + 1” designate the same number. But this by no 
means implies that the symb* themselves - 

h^Tan^ hte“« Sdesign^^^^^^ The ^mbols “3” 

Swam^rdol, different, and this fact can be expressed 
in the form of a new formula: 

“3” + “2 + 1” 

which, of course, in no way contradicts the formula previously 
stated.^* 

. +iiP use of Quotation marks has been ad- 

rte'SrJd irrSoul tu-^lion marl., « the, are printed 
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19. Equality in arithmetic and geometry, and its relation to 

logical identity 

We here consider the notion of arithmetical cQuality among 
numbers consistently as a special case of the general concept of 
logical identity. It must be added, however, that there are mathe- 
maticians who — as oppo.'^ed to the standpoint adopted here — do 
not identify the symbol “ = ” occurring in arithmetic with the 
symbol of logical identitj"; they do not consider equal numbers to 
be necessarily identical, and therefore look upon the notion of 
equality among numbers as a specifically arithmetical concept. 
In this connection, those mathematicians reject Leibniz’s law in 
its general form, and merely recognize some of its consequences 
which are of a less general character and count them among the 
specifically mathematical theorems. Among these consequences 
there are Laws II to \ of Section 17, as well as theorems to the 
effect that, whenever i = y and i satisfies some formula built up 
of arithmetical symbols only, then y satisfies the same formula; 
thus, for instance, the theorem: 

if X = y and x < z, then y < z. 

In our opinion, this point of view can claim no particular theo- 
retical advantages, while, in practice, it entails considerable com- 
plications in the presentation of the system of arithmetic. For one 
rejects here the general rule which allows us— on the assumption 
that a,n equation holds — to replace everywhere the left side of the 
equation by its right side; since, however, such a replacement is 
indispensable in various arguments, it becomes necessary to give a 

special proof that this replacement is permissible in each particular 
case in which it is applied. 

displayed in a special line or if they occur in the formulation of mathema- 
tical or logical theorems; and we do not put quotation marks about expressions 
which are preceded by such phrases as “is called”, “is known as”, and so on 
But other precautionary measures are taken in these cases; the expression in 
question is often preceded by a colon and it is usually printed in a different 
kind of print (small capitals or italics). It should be observed that, in everv- 

y language, quotation marks are used also in cases not covered by the above 
convention; and examples of this type can be found in this book. too. 
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To illustrate this situation by an example, let us consider any 
system of equations in two variables, for instance. 


X = y\ 


and vice versa. 


J.2 ^ y2 = 2X — 3l/ + 18. 

If one wants to solve this .system of equations by ^ 

— -SorLtion IS per— 

rsi: 'z 

ifl— !l "= “ "s — odWd— logical identity, 
if Leibniz’s law is assumed, the answer is obvious , the as.sump i 

X = y- 

permits us to replace "x" everywhere by “y”'. 

Otherwise it would first be necessary to give 

toative answer, and although this if "her long 
IZ any essential difficulties, it would at any rate be rather long 

and tedious. 

As to the notion of equality in geometry, the 
lirely different. If two geometrical figures, such as two me g 

-i: — thS ftity. 

— r tr^un &Tif z.: 

size and shape, m exactly cover one 

correct mode of expression , „tVtPr Thus for example, 

another if one were placed on top of the , T^" Zs, Ld 

::„Xof t::t of tZ 

in an isosceles triangle, the altitude up 

base are not only geometrically equal, but they are simp y 
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and the same line segment. Therefore, in order to avoid any 
confusion, it would be recommendable consistently to avoid the 
term “equality” in all those cases where it is not a question of 
logical identity, and to speak of geometrically equal figures rather 
as of congruent figures, replacing — as it is often done anyhow— 
the S3nnbol “ = ” by a different one, such as 


20. Ntimerical quantifiers 

With the help of the concept of identity it is possible to give a 
precise meaning to certain phrases which, both in their content 
and" their function, are closely related to the universal and exist- 
ential quantifiers and are also counted among the operators, but 

which are of a more special character. They are expressions 
such as: 

there is at least one, or at most one, or exactly one, thing x such 
that • • • j 

(here are at least two, or at most two, or exactly two, things x such 
that • • • , 

and SO" on; they might be called numerical quantifiers. Ap- 
parently, specifically mathematical terms occur in these phrases, 
namely, the numerals “one”, “two'% and so on. A more exact 
analysis shows, however, that the content of those phrases (if 

considered as a whole) is of a purely logical nature. Thus, in the 
expression : 

there is at least one thing satisfying the given condition 

the words “oi least one” may simply be replaced by the article 
a without altering the meaning. The expression: 

there is at most one thing satisfying the given condition- 
means the same as: 

for any x and y, if x satisfies the given condition and if y 

satisfies the given condition, then x = y. 
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The sentence; 

there ie exactly one thiny eatieSvi-ny Ote gimn ccndilicrt 

is equivalent with the conjunction oi the two sentences just given: 

there is at lead one thing satis/yine, the jicen canditwn, at^ 
at the same time there is at mod one thing solss/tnnj the 

giveti cottditioYi, 

To the expression: 

there are at least two things satisfying the given condition 

we give the following meaning: 

there are x and y, snch that both X and y satisSy the gmn 

condition and x ^ y; 

it is, therefore, equivalent to the negation of; 

there is at most one thing satisfying the given condUion. 
Analogously we explain the meanings of other expressions of this 

"^For the purpose of illustration, a few true sentences of arith- 
metic may be listed here in which numerical quantifiers appe . 

there is exacUy one number x, such that i + 2 = 5, 
there are exacUy two numbers y, such that y* = 4; 
there are at least two numbers z, such that 8 + 2 < 6. 

That part of logic, in which general laws involving quantifiera 

or the FUNCTIONAL CALCULUS, although It really ought to be calM 

?he Llculus of quantifiers. Hitherto this theory has pn- 
marUy concerned itself with the universal and existenUal qua^- 
fiers, while the numerical quantifiers have been largely negle^^- 


Exercises 


■■ .'.I. 


1 . Prove Law V of Section 17, using exclusively Laws 
IV, thus without the use of Lbibnk’s law. 



EXERCISES 


65 


Hint: In Law V the formulas: 

X = z and y = z 

are assumed valid by hypothesis. By virtue of Law III, inter- 
change the variables in the second of these formulas, and then 
apply Law IV. 

2. Prove the following law: 

if X = y, y = z and z = t, then x = t, 
using exclusively Law IV of Section 17. 

3. Are the sentences true which are obtained by replacing in 
Laws III and IV of Section 17 the symbol “ = " by 
throughout? 

4 

*4. On the basis of the convention stated in Section 18 con- 
cerning the use of quotation marks, determine which of the fol- 
lowing expressions are true sentences: 

(a) 0 is an integer, 

(b) 0 is a cipher having an oval shape, 

(c) “0 is an integer y 

(d) - ‘0” is a cipher having an oval shape, 

(e) 1.5 = 

(f) “1.5” = 

(g) 2 -}- 2 4^ 5, 

(h) “2 H- 2” 4: “5”. 

*5, In order to form the name of a word we put that word in 

quotation marks ; in order to form the name of this name we put 

in turn, the name of this word in quotation marks, and thus the 

word Itself in double quotation marks. Hence, of the following 
three expressions ; 

John, ^‘John’\ “ “John’* ”, 

the second is the name of the first, and the third is the name of 
e second. Substitute in turn the three expressions above for 
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“x” in the following sentential functions, and determine which of 
the twelve sentences obtained are true. 

(a) X is a man, 

(b) X is a name of a man, 

(c) X is an expression, 

(d) X is an expression containing quotation marks. 

*6 In Section 9 we gave various formulations of conditional 
sentences met with in mathematical books. Attention was also 
called to the fact that in some of these formulations we talk, not 
about numbers or properties of numbers, and so on, but about 
expressions (e.g., sentences and sentential functions) It ollows 
from remarks made in Section 18 that these latter formulations 
call for the use of quotation marks. Indicate the formulations, 
and the exact place in them, in which quotation marks are require . 

*7. On the basis of the general principle concerning the use of 
names of things in sentences stating something about these things 
we may now subject the last sentence but one of Section 12 ( Just 
as the arithmetical theorems ■ • •”) to some criticism. We know 
that variables occurring in arithmetic stand for names of numbers. 
Do the variables occurring in sentential calculus stand for names 
of sentences or for sentences themselves? May we, therefore, say, 
if we want to be exact, that the laws of this calculus assert some- 
thing about the sentences and their properties? 

8. Consider a triangle with sides a, h and c. Let ha , h and h 
be the altitudes upon the sides a, 5 and c ; similarly , let , m 
and Wc be the medians and Sa , st and the bisectors of the angles 

of the triangle. i „a 

Assuming the triangle to be isosceles (with a as the base, and 

b and c as the sides of equal length) , which of the twelve segment 

named are congruent (i.e., equal in the geometrical sense), and 

which are identical? Express the answer in the form of formul^, 

using the symbol “s” to designate congruence, and the symbol 

“ = ” to designate identity. , i. • i 

Solve the same problem under the assumption that the triangle 

is eauUateral, 
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9. Explain the meaning of the following expressions: 

(a) there are at most two things satisfying the given condition; 

(b) there are exactly two things satisfying the given condition. 

10. Determine which of the following sentences are true: 

(a) there is exactly one number x such that x + Z = 7 ~ x; 

(b) there are exactly two numbers x such that x^ + 4 = 4x; 

(c) there are at most two numbers y such that y + 5 < 11 — 2y; 

(d) there are at least three numbers z such that z^ < 2z; 

(e) for any number x there is exactly one number y such that 

X y = 2; 

(f) for any number x there is exactly one number y stcch that 
x.y = 3. 

11. How can one make use of numerical quantifiers in order to 
express the fact that the equation : 

— fix + 6 = 0 

has two roots? 

12. What numbers x satisfy the sentential function : 

there are exactly two numbers y such that x = y* ? 

in this function between free and bound variables. 
Do numerical quantifiers bind variables?* 
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21. Classes and their elements 

Apart from separate individual things, which we shall also 
for short, call individoaps, logic is concerned with cr,A8SES of 
things; in everyday life as well as in mathemaUcs, classes are more 

often referred to as sets. Arithmetic, for instance, ^ 

deals with sets of numbers, and in geometry our interest attaches 
itself not so much to single points as to point sets (namely, to 

geometrical configurations). Classes of individuals are called 
fuASSES OF THE FiaST ORDER. Comparatively more rarely we 
also meet in our investigations with n-stlES of the se~d^^^^ 
that is, with classes which consist, not of individuals, but of class® 
of the first order. Sometimes even classes or the third, fourth 
. . , ORDERS have to be dealt with. Here we shall be oonoc'™ti 
almost exclusively with classes of the first order, and only excep- 
tionally-as in Section 26-we shall have to deal with « t®® o' 
the second order; our considerations can, however, be applied with 

nracticallv no changes to classes of any order. 

^ In orde^r to differentiate between individuals and classes (and 

also between classes of different orders), we employ as variables 

letters of different shape and belonging to different alphabets. 

'^Itomary to designate individual things such as number and 

classes of such things, by the small and capital letters ot the 

English alphabet, respectively. In elementary geometry the op- 

posHe notation is the accepted one, capital letters 

pits and small letters (of the English or Greek alphabets) 

'''’Ttorpart’onoglin which the class concept and its general 
properties are exaLned is called the theory of classes; some- 
Les this theory is also treated as an independent matlmnnatiea) 

discipline under the name of the general theory of sets. 

68 
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Of fundamental character in the theory of classes are such 
phrases as: 

the thing x is an element (or a member) of the class K, 

the thing x belongs to the class K, 

the class K contains the thing x as an element (or a member); 

we consider these expressions as having the same meaning and, 
for the sake of brevity, replace them by the formula: 


X e K. 

Thus, if I is the set of all integers, the numbers 1, 2, 3, • . . 
elements, whereas the numbers g, 2j, • • - do not belong 
set; hence, the formulas: 


are its 
to the 


lei, 

are true, while the formulas : 


2el 


3 el. 


• « 


€l, 


2|el, 


are false. 


22. Classes and sentential functions with one free variable 

We consider a sentential function with one free variable for 
instance : ’ 


X > 0 

If we prefix the words: 

® Ihe set of all numbers x such that 


e already found in G. Boole (cf. footnote 1 on p. 19). The actual 
creator of the general theory of sets as an independent mathematical 
discipline was the great German mathematician G. Cantor (1845-1918)- 
we are indebted to him, in particular, for the analysis of such concepts as 
equality in power, cardinal number, infinity and order, which will be 
discussed in the course of the present and the next chapters.-CANTOR’s 
et theory is one of those mathematical disciplines which are in a state of 
especially intensive development. Its ideas and lines of thought have 
penetrated into almost all branches of mathematics and have exerted 
everywhere a most stimulating and fertilizing influence. 
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to that function, we obtain the expression; 

the set of all numbers x such that x > 0. 

This expression designates a well-determined set, namely the set 
of all po^sitive numbers ; it is the set having as ,ts eleinents tho*, 
and only those, numbers which satisfy the given f^nnction. _ 
denote this set by the symbol “P”, our function becomes equ.va- 

lent to : 

X € P. 

We may apply an analogous procedure to any other sentential 
function. In arithmetic, we can obtain in this way varmus sete 
of numbers, for instance the set of all negative nuinbers or the set 
of all numbers which are greater than 2 and less than 6 (that is 

which satisfy the function “x > 2 and x < 6 ). . 

plays also an important role in geometry, especially in detamg 

Lw kinds of geometrical configurations ; the surface of a sphere 

U Ihned, for Instance, as the set of all points of the space which 

have a definite distance from a given point “ 

geometry to replace the words “the set of all points by the locus 

of the points.” 

We will now put the above remarks in a general form. It is 
assumed in logic that, to every sentential function ^ 

one free variable, say “x”, there is exactly one 

satisfy the given function. We obtain a designation for that class 

by putting in front of the sentential function the 

which belongs to the fundamental expressions of the theory of 

classes: 

the class of all things x such that 

If we denote further the class in question by a simple symbol, 
say “C”, the formula: 

X € C 

will-for any a-be equivalent to the original 

Hence it is seen that any sentential function contam g 
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the only free variable can be transformed into an equivalent func- 
tion of the form : 

a; e -fir, 

where in place of “-fiT” we have a constant denoting a class; one 
may, therefore, consider the latter formula as the most general 
form of a sentential function with one free variable. 

The phrases (I) and (II) are sometimes replaced by symbolic 

expressions; we can, for instance, agree to use the following symbol 
for this purpose: 

c. 

X 

Lot us now consider the following expression: 

1 belongs to the set of all numbers x such that x > 0, 
which can also be written in symbols only; 

1 € Q{x > 0), 

X 

This expression is obviously a sentence, and even a true sentence* 
IXZformu™ f-m. the same thought as' 


1 > 0 

Consequently, this expression cannot contain any free variable 
^d the variable occurring in it must be a bound vSle 
Smce, on the other hand, we do not find in the above expression 

conclusion that such phrases as 

tiol 4) ' counted among the operators (cf. Sec- 

frequently prefix an operator like 
sentential functions which contain— besides 

opemtom such 


numbers x such that 


x> y 
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j • tp however any definite class; they are designatory 

do not designate, however, a y Op^tion 2 that is, they 

functions in the meaning es ^ renlace in them free variables 
become designations of c asses i w j gta^ce “y” by “0” in 

(but not “x”) by suitable constants, for instance, y 

the example just given.* 

XI -xi nf n sentential function with one free 

for example, expresses a c P 

aivisibmty by elLnts a« tbin^s 

responding to this lu others. In this manner it 

possessing the given proper y, jptermined class with every 
I possible to correlate a '>'"'1“* every class there 

property of things. An a so, ^ the elements of 

I correlated a property class. It is, 

that class, namely, e pr p logicians, unnecessary to 

accordingly, in the opinion concepts of a class and of a 

r '’llliir-twi c^res bi. perfectly sufficient. 

ii:"on o, 

rt::r„T»;Vi:”:in the loUoV. »;;ely eoulvalent. formula- 
tion we employ the term "cioss instead. . , 

poirto «r .ro^ce;"™; i 

of classes. 

23. Universal class and null class 
.a we already hnow, . any — ia^— " 
^^^^^.‘'TL'rnTow be applied to the following two particular 
functions; 


(D 


X - X 


t 


X ^ X. 
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The first of these functions is obviously satisfied by every indi- 
vidual (cf. Section 17). The corresponding class, 

C(x = x), 

X 

therefore, contains as elements all individuals; vve call this class 
the UNIVERSAL CLASS and denote it by the symbol “V” (or *'l”) 
The second sentential function, on the other hand, is satisfied by 
no thing. Consequently, the class corresponding to it, 

C(x =1= x), 

X 

called the null class or empty class and denoted by “A” (or 
“0”), contains no elements. We may now replace the sentential 
functions (I) by equivalent functions of the form: 

xe K, 

namely by: 

(II) X e V, X e A, 

the first of which is satisfied by any individual, and the second by 
none. 

Instead of using the general logical concept of individual within 
a particular mathematical theory, it is sometimes more convenient 
to specify exactly what is considered an individual thing within 
the framework of this theory; the class of all .those things will 
then be denoted again by “V” and will be called the universe 
OP discourse of the theory. In arithmetic, for instance, it is 
the class of all numbers which forms the universe of discourse. 

*It shodd be emphasized that V is the class of all individuals 
but not the class containing as elements all possible things, thus 
also classes of first order, second order, and so on. The question 
arises whether such a class of all possible things exists at all, and 
more generally, whether we may consider “inhomogeneous” 
classes not belonging to a particular order and containing as ele- 
ments individuals as well as classes of various orders. This ques- 
tion is closely related to the most intricate problems of contem- 
porary lo^c, namely, to the so:;nalled antinomy op Russell and 
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theTHZOK. or LOO.CAL TVPES^ A ^ “CXHly 

trespass beyond the mtepded hm. .,„h„mogeneous” 

remark here that t d mathematics (except 

classes occurs hardly ever more rarely in other 

for the general theory of sets), and e^en more 

sciences.* 

24. Fundamental relations among classes 

various relations nray hold is a‘t 

may, for instance, ^ ^ case the set K is 

the same time an element o r ^ to be included in the 

3a, d to be a soBCUass or phe c^L « tr, be ,ec^ 

CLASS L, or to comprehend the class X as a sub- 

and the class L is said to T by either of the 

class. This situation is expressed, briefly, oy 

formulas: 


L 3 K. 


K aL or 

• 11 nt K is subclass of L it is not intended to preclude 

By saying that h. is bUDcias other words, 

i; 5 :|^.= - ;r s “ 

dements in common, m ^ ^ ^ identical. If, 

however, the converae^ relation does no TJt 

element of the class X is an e ^ 

every element of the class L - a" :'p “ or the ceassL, 

class K is said to bo a -aoPEn subcevss or a .a ^ 

‘=-= - 

segments as a parb ovEitniP or to intersect it 

they have at least one element in common and if, at the 

. T„c of lealcal type" ‘-'trceitVl:"— 

the order of a elaaa, and can ^ . , g i,ut also to other 

hUtcr,- a Kcnoralization which -f ors not cm y next 

Pr.Lip.o Mathemalica (cf. footnote 1 on p, 19). 
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each contains elements not contained in the other. If two classes 
have each at least one element (i.e. if they are not empty), but if 
they have no element in common, they are called mutually 

EXCLUSIVE or DISJOINT. A circle, for instance, intersects any 
straight line drawn through its center, but it is disjoint from any 
straight line whose distance from the center is greater than the 
radius. The set of all positive numbers and the set of all rational 
numbers overlap, but the set of positive and the set of negative 
numbers are mutually exclusive. 

Let us give some examples of laws concerning the relations be- 
tween classes mentioned above. 


For any class K, K CZ K. 

If K Cl L and L CZ K, then K = L. 

If K Cl L and L d M, then K Cl M. 

If K is a non-empty subclass of L, and if the classes L and M 
are disjoint, then the classes K and M are disjoint. 

The first of these statements is called the law op reflexivity 

for inclusion or the class-theoretical law" op identity. The third 

IS known as the law op transitivity for inclusion; together with 

the fourth statement and others of a similar structure they form 

a group of statements which are called laws op the categorical 
syllogism. 

A characteristic property of the universal and null classes in 

connection with the concept of inclusion is expressed in the fol- 
lowmg law: 


For any class K, V :d K and ACK. 

ThM statement, particularly in view of its second part referring 
o the m^ class, seems to many people somewhat paradoxical. 

in order to demonstrate this second part, let us consider the im- 
plication: 


tf xeAf then x^K. 


Whatever we substitut 
l^e implication will 
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implication a true sentence (the implication— as the mathema- 
ticians sometimes say-is satisfied “vacuously”)- We naay, thus 
say that whatever is an element of the class A is also an element o 
the class K, and hence, by the definition of inclusion, that A A. 
— In an analogous way the first part of the law can be 

demonstrated. . 

It is easy to see that between any two classes one of the relations 
considered here has to hold; the following law is to this effect; 


If K and L are two arhitrary classes, then cither K - L or K 
is a proper subclass of L, or K comprehends L as a proper subclass, 
or K and L overlap, or finally K and L are disjoint; no two of these 

relations can hold simultaneously. 

In order to get a clear intuitive understanding of this law it is 
best to think of the classes K and L as geometrical figures and to 
imagine all the possible positions in which these two figures may 

be with respect to each other. 

The relations which have been dealt with in this section may be 
called the fundamental relations among classes.* 


The whole of the old traditional logic (cf. Section 6) can almost 
entirely be reduced to the theory of the fundamental relations 
among classes, that is, to a small fragment of the entire theory 
of classes. Outwardly these two disciplines differ by the fact that, 
in tlie old logic, the concept of a class does not appear explicitly. 
Instead of saying, for instance, that tlie class of horses is contained 
in the class of mammals, one used to say in the old logic that the 
property of being a mammal belongs to all horses, or, simply, that 
every horse is a mammal. The most important laws of traditional 
logic arc those of the categorical syllogism which correspond 
precisely to the laws of the theory of classes that we stated above 
and named after them. For example, the first of the a^vs of 
syllogism given above assumes the following form in the o 


logic: 


If every M is P and every S is M, then every S is P. 


» These relations were 
French mathematician J 


first investigated in an exhaustive manner by th« 

, D. Gehoonnk (1771-1859). 
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This is the most famous of the laws of traditional losir known as 
the law of the syllogism Bakbara. 

26. Operations on classes 

We shall now conoorn oursolvos with fawtain operations which 
If performed on given classes, yield new classes. 

Given any two classes K and L. one can form a new clas.s 1/ 

which contains as its elements those, and onlv those, things which 

belong to at least one of the clas.s, -.s A' and L; the class 1/ one 

might say, results from the cla.ss A by adjoining to it the elenmnfs 

0 the class L. This operation is called addition- of cfassks, and 

the class il/ is referred to as the sum or union of the uea.sses A 
AND L, designated by the symbol; 

K\J L (or A -1- L). 

Another operation on two classes A and L, called multiplica- 
tion of CLASSES, consists in forming a new class M whose elements 
Me those, aod only those, things which belong to both K and L- 

IS called the product or iNTcnsECTtoN op the 
CLASSES A AND L and is designated by the symbol : 

Kr\L (or K.L). 

operations arc frequently applied in geometry; some- 
times t is very convenient to define with their help new kinds of 
geometrical figures. Suppose, for instance, we know already what 

suDDlement angle— may be defined as the union of two 

pp ementary angles (an angle here being considered as an 

half-lmes which are called the legs of the angle). Or, if we take 

of thfST then^h"*^ r 

auM oUhfllTan'-!“”'’'“h™"' “"‘l-moliot the 

ni.mK • Tu ^ positive numbers and of the set of all negative 

oXTo, ar‘ ■*“ T’’”” 0 ; the intorsLion 

the set of aU even numbers and of the set of all prime numbers 
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is the set having as its sole element the number 2, this number 
being the only even prime number. 

The addition and multiplication of classes are governed by 
various laws. Some of these are completely analogous to the cor- 
responding theorems of arithmetic concerning the addition and 
multiplicaUon of numbers-and it is for this very reason that the 
terms “addition” and “multiplication” have been chosen for the 
above operations; as an example we mention the commutative 
and ASSOCIATIVE LAWS of addition and multiplication of classes. 

For any classes K and L, K L = L U K and KflL^LniC. 

For any classes K,LandM, K U (L U M) = ^ ^ ^ ^ 

and if n (L n M) = (K n L) n M. 

The analogy with the corresponding H” by 

comes evident when we ° 

the usual signs of addition and multiplication, + and 

Other laws, however, deviate considerably from those of ant 

metic • the law of t.^utology constitutes a characteristic example . 


For any class K, 


K [j K = K and K f) K — K. 


This law becomes obvious on reflecting upon the meaning of the 
svmbols "K U K” and "K fl K"; if, tor instance, one adds to 

does not really add anything, and the resulting class is again the 
same class K. 

We want to mention one other operation, which differs from 

those of addition and multiplication inasmuch as it o®” P' 
ormed not on two classes, but only on one class K is he 

operation which consists in forming, tom a 'to f 

^ 11 ri rrriMPT fmfnt of the class K, that is, the class 

things mt belonging to the class X ; the complement of the class 
K is denoted by : 

K'. 

If K, for instance, is the set of all integers, all fractions and irra- 
tional numbers belong to the set K. oomnlemenf 

As examples of laws which concern the concept of complemen 
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and establish its connection with concepts considered earlier, we 
give the following two statements: 

For every class K, K U K' = V . 

For every class K, K C\ K' = A- 

The first of these is called the class-theoretical law of ex- 
cluded MIDDLE, and the second the class-theoretical law of 

CONTRADICTION. 

The relations between classes and the operations on classes 
with which we have just become acquainted, and also the concepts 
of the universal class and the null class, are treated in a special 
part of the theory of classes; since the laws concerning those rela- 
tions and operations tend to have the character of sim{)le formulas 

reminiscent of those of arithmetic, this part of the theory is known 
as the CALCULUS of classes. 


26. Equiniimerous classes, cardinal number of a class, finite and 

infinite classes ; arithmetic as a part of logic 

♦Among the remaining concepts which form the subject of in- 
vestigation of the theory of classes there is one group which 
deserves particular attention and which comprises such concepts 
^ equinumerous cl^asses, cardinal number of a class, finite and 
nite closes. They are, unfortunately, rather involved con- 
cepts which can only be superficially discussed here. 

As an example of two equinumerous or equivalent classes 
we may consider the sets of the fingers of the right anS of the 
t hands, these sets are equinumerous, because it is possible to 
pair off the fingers of both hands in such a manner that (i) every 

oneTro7th Tf! contains uS 

In a simUar sense, the following three sets, lor instance are equt' 

set^rT' vertices, the set of all sides’ and ^the 

Now let us consider an arbitrary class K- there exists a u* 
a property belonging to all classes 
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other Claeses (oamely, the property of 
K) ; thrs property is called ‘^0 0-0— 

::,,reS briS; aTprecisely though perhaps m an^ even 

more abstract manner: The cardinal number f 

r rr.” - 

ii rj:”:;=”a «... 

fr; r *:r.:*‘r 

natural number (that ■ . ^ ^ elements, if K is equi- 

say that ™.'= ^ f ,1, „^tural numbers less than n. In 

with the class of all natural numbers than 2 . 

non-ting of the 0 “dj. JjmrU y,^^^ 

3 elements if it is equi jreneral we shall call a class 

KT.N.TE“:f ’there eSt'srnatural number ^ such that the class 
K consists of n elements, otherwise mEmKE. 

It has, It-over, een ,„„,i,ored 

can be defined in purely logical ij™*' " ^ W? may, for 

any expressions belonging to ^he held of arithm 

instance, say that the '' conditions: (i) there is an s 

this class satisfies the lohowmg wu , ^ y = 2 

such that xeK, (ii) for any y and ‘ J ' 5 ^ ,c '„„e : -there 

(these two conditions may a so e re 2^,^ Analogously, 

is exactly one x such that i e , ■ ■ ^ [ two elements”, 

-the class K consists of three elements P ion of 

becomes much elass”; but also in 

:SSft hr the range of logic. 
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This circumstance has a most interesting cons(H|uence of far- 
reaching importance; for it turns out that tlie notion of nuinbm 
Itself and likewise all other arithmetical concepts are detinaMc 
within the field of logic. It is, indeed, easy to establish the rneaii- 
ing of symbols designating individual natural numliers, sueh as 

1 , 2 , and so on. I he number 1, for instance, can be 
defined as the number of elements of a class which consist of 
exactly one element. (A definition of this kind .seems to be in- 
correct and contains apparently a vicious circle, since the word 
one which is about to be defined, occurs in the definiens- but 
actually no error is committed because the phrase “the class’con- 
sists of exactly one element” is considered as a whole and its 
meaning has been defined previously.) Nor is it hard to define the 
general concept of a natural number; a natural number is the 
cardmal number of a finite class. We are, further, in a position 
to define all operations on natural numbers, and to extend the 
concept of number by the introduction of fractions, negative and 
rra io,a, numbers, without, at any place, having ’to go beyond 
the limits of logic. Furthermore, it is possible to prove alf the 
theorems of arithmetic on the basis of laws of logic ajone (with the 
qua ification that the system of logical laws must first be enriched 
by the inclusion of a statement which is intuitively less evident 

state, t^^ r which 

selves r thi, ? ‘P our- 

systematic and exhaustive realization in VV ^ ® 

Prtnetpia Mathematica (cf. footnote 1 on p. Rdssell’s 
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Exercises 


1 . Let K be the set of all numbers less than f ; which of the fol- 
owing formulas are true: 


0 € X, 


leK, i^K, feX, ? 


2. Consider the following four sets; 

(a) the set of all positive numbers, 

(b) the set of all numbers less than 3, 

(c) the set of all numbers x such that x + 5 < 8, 

W) the eet of eU numbers X satWytag the sententml tunetron 

"wh'l of these sets are identical, and which are distinct? 

3. What name is given in T giv^ straight 

5'dt= » line segment? 

4. het K and L he two 

being smaller to that ^^etween these circles? Do« the 
S::^^tl"ernte tomler^ces ol the circles? 

5. Draw two squares K and I, so that they stand m one of 
following relations; 

(a) K = l>, 

(b) the square X is a part of the square , 

(c) the square K comprehends the square L as a p«t, 

(d) the squares X and L overlap, 

(e) the squares X and L are disjoint. 

Which ol these cases arc eltoa^, ^ 
gment, or (ii) it not the squares but only tn 

considered? vv -p <? « It is 

6. let X and y be two *k«r 

well known that the set of numbers wmo 
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X and not larger than y is called the interval with the endpoints 
X and y, it is denoted by the symbol “[x, y]”. 

Which of the formulas below are correct; 

(a) [3, 5] CZ [3, 6], 

(b) [4, 7] CZ [5, 10], 


(c) [-2, 4] Z> [-3, 5], 

(d) [-7, 1] Z) [-5, -2] 
Which of the fundamental 

(e) [2, 4] and [5, 8], 

(f) [3, 6] and [3|, 5A], 


(g) [li 7] and [-2, 3^] ? 

7 Is the following sentence (which has the same structure as 
the laws of syllogism given in Section 24) true: 

if K is disjoint from L and L disjoint from M, then K is 

disjoint from M ? 


langulge^^^^ following formulas into terms of ordinary 


(a) ix = y)^AKxeK)^{yiK)], 

X 

(b) (K = L)^A[(xeK)*-^(x€L)]. 


What laws mentioned in J 
in these formulas? What 

, I /, X. vTiiai, uxi uom siaes of thp ^nni 

the'™ r' *“ - definition of 



lvin„ triangle, with an arbitral^ point D 

t f<>™ed by the sum 

Express the answer in fo™. 


10. Represent an arbitrary square: 
(a) as the sum of two trapezoids, 
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(b) as the intersection of two triangles. 

11. Which ot the tormulaa below are true (compare etercae 6), 

(a) [2, 3|] U 13, 5] = [2, 5], 

(b) t-1, 2] U 10, 3] = [0, 2], 

(c) 1-2, 8] n [3, 7] = 1-2, 8], 

(d) 12, 4i] n 13, 5] = [2, 3] ? . au 

In those formulas which are false correct the expression on the 
right of the sym Vtrarv classes. What classes are 

K U L^d K n 1 1 case' K C L? In particular, what classes are 

XUV,iCnV,AULandAnL? 

T pritnr the second question keep in mind a law of 

Hint; In answering tne secoau m 

Section 24 concerning the ctocs V and A. 

1 .... f T. and M satisfy the follow- 

13 Try to show that any classes K, 

ing formulas ; 

(a) K C K U L and K 3 K H L, 

It S I,- X- n L. and (X (1 «■ - X' U Lb 

The formulas (a) are fomulas (b) are the 

addition and multiphcation « J classes with respect 

distributive laws ( or resnect to multiplication); the 

to addition and for addition and. finally, 

formula (c) is the law . ^ Q^gtical laws of Db Morgan.® 

the formulas (d) are the c - j arithmetic? 

Which of these laws correspond to theorems 

Hint; In order to prove the first k' 0 L' consist 

it is sufficient to show that the “ ^ ^ . 24) . For this purpose, 

entirely of the same elements (cf. Section 

» Cf . footnote 6 on p. 52. 
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we must, using the definitions of Section 25, make clear to our- 
selves when a thing x belongs to the class {K \J L)' and when it 
belongs to the class K' fl L'. 


*14. Between the laws of sentential calculus given in Sections 12 
and 13 and in Exercise 14 of Chapter II, on the one hand, and the 
laws of the calculus of classes given in Sections 24 and 25 and in the 
preceding exercise, on the other, there subsists a far-reaching 
similarity in structure (which is indicated in the analogy in their 
naraej. Describe in detail wherein this similarity lies, and try 
to find a general explanation of this phenomenon. 

In Section 14, we became .acquainted with the law of contra- 
position of sentential calculus; formulate the analogous law of 
the calculus of classes. 


15. With the 


help of the symbol: 



introduced in Section 22 we can write the definition of the sum of 
two classes in the following way: 

K\JL^ C[{x€K) V (X€i)}; 

but it is also po^ible to restate this deanition in the usual form of 
an equivalence (without the use of that symbol) : 

[a: € (E: U i)] [(x € /i:) V (xeL)]. 

Formulate analogously in two ways the definitions of the 

universal class, of the null class, of the product of two classes 
and of the complement of a class. ’ 

(a) the doss K consists of two elements, 

(b) ttc cZoss K consists of three elements. 
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*18. Consider the following three sets: 

(a) to sat of all natural numbers greater than 0 and less than 4, 
(h) to set of all rational numbers greater than 0 and less than 4, 
(c) the set ot all irrational numbers greater than 0 and less 


than 4. 


Which of these sets are finite and which are in^te? 

sr^voTviT^iPs nf finite and infinite sets of n 


ibers. 
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27. Relations, their domains and counter-domains ; relations and 

sentential functions Math tMro free variables 

In the previous chapters we have already met Math a few 
relations between thinp. As examples of relations between two 
things we may take, for instance, identity (equality) and diversity 
(mequahty). We sometimes read the formula: 


as follows: 



or also: 



has the relation 


of identity to 



the relation of identity holds between x and y, 

jmd we say that the symbol '•=’■ designates the relation of iden- 
tity . in an analogous way, the formula : 


is sometimes read : 


X ^ y 



X has the relation of diversity to y 


the relation of diversity holds between x and y, 

^emttt designates the relation of 

myersity. We have further encountered certain relations holding 

dLtetet of inclusion, of overlapptog 

IS^W^d’ =®oATioKs, which constitutes a 

special and veiy important part of logic, and in which relations 
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of an entirely arbitrary character are considered and general 

roncerninff them are established. 

To facilitate our considerations, we introduce special variables 
“i?”, “S”, • • ' which serve to denote relations. In place of such 

phrases as; 


and: 


the thing x has the relation R to the thing y 
the thing x does not have the relation R to the thing y 


we 


shall employ symbolic abbreviations; 

X R y 


and (to use the negation sign of sentential calculus, cf . Section 13) 

~(i R y), 

'TflhiL having the relation B to tome thing V we call a 

Pn«OE wtTH^BSPncv TO THE EEnaTtOK B; any thntg , 
for which there is a thing x such that 

xRy 

• n STirCESSOn WITH RESPECT TO THE RELATION R. The 

dass of all predecessors with respect to the relation R “ 

the DOMAIN and the class of all successors ^ 

Iny individual is both a predecessor and a successor 

toihe relation of identity, so that the domain and counter-domam 

of this relation are both the universal class. 

lua of relations. 
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OF THE FIRST ORDER are those which hold between individuals; the 
RELATIONS OF THE SECOND ORDER are those which hold between 
classes, or relations, of the first order; and so on. The situation 
is here all the more complicated as we must often consider “mixed” 
relations whose precedessors are, say, individuals, and its suc- 
cessors classes, or whose predecessors are, for instance, classes of 
the first order and its successors classes of the second order. The 
most important example of a relation of this kind is the relation 
which holds between an element and a class to which it belongs • 
M we recall from Section 21, this relation is denoted by the symbol 

* ■ classes, our considerations concerning 

relations will refer primarily to those of the first order, although 

the concepts discussed here can and, in a few cases, will be applied 
to relations of higher orders. 


We assume that, to every sentential function with two free 
variables “a:” and “i/”, there corresponds a relation holding 
between the things x and y if, and only if, they satisfy the given 
sentential function; in this connection it is said of a sentential 
function with the free variables “j” and “y” that it expresses a 
relation between the things * and y. Thus, for instance, the 

sentential function : 


® + 2 / = 0 

expresses the relation of having the opposite sign or, briefly, of 

being opposite; the numbers a: and y have the relation of being 

opposite If, and only if, i + j, = o. If we denote this relation 
by the symbol “O”. then the 


1 0 y 


and 


a: + y = 0 


^rr r ,7 ^y sententiaHunction containing the 

formed mto an equivalent formula of the form : 


( ■ 


a.:? 
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where, in place of “B", we have a constant which designates some 
relation. The formula*. 

X R y 

mav therefore, be considered as the general form of a sentential 
tunc’tion with two free variables, ,ust as the formula; 

xeK 

could be looked upon as the general form of a sentential function 
with one free variable (cf. Section 22). 

28. Calculus of relations 

The theory of relations is one of the farthest developed branches 

J.nObiitJUij 4 . if fVio PAT.rnLUS OF RELA* 

tt retlcu.: of c.sse. 

:“tht rttr:re rstmcld from grven ones. 

In the calculus of relations we consider, in the 6^=^ P'“0. “ 
group of concepts which are exact ao^gu- “ *r3ymb„ls 

we might, of course, ernploy a “t o y 

calculus of relations, taking, for instance, ttie sy 

the UNIVERSAL RELATION an and the second between 

which holds between any two individuals, and the secon 

" We have, further, various relations 
instance, the relation of inclusion ; we say that the 
included in the relation S, in symbols. 

RdS, 

if whenever R holds between two things, S holds between them 
;Lwt"r. in other words, if. for any x and y. the formula. 

X R y 


implies ; 


X Sy. 
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Wg know, for instance, from arithnietic that, whenever 


then 


X < y, 


X y; 

hence the relation of being smaller is included in the relation of 
diversity. 

If, at the same time, 

R a: S and S <Z R^ 

that is to say , if the relations R and S hold between the same 
thmgs, then they are identical: 


R = S. 

We have, further, the sum or union op two relations R and 
o, in symbols: 


RU S, 

and the product or intersection op R and S, in symbols : 

R n S. 


^ V 5’ between two things if, and only if, at least 

the ^irmul^^^^^^^^ ^ ^ between them ; in other words. 


x(R U S)y 

is equivalent to the condition: 

X R y or x S y. 

Similarly the product of two relations is defined, using only the 
^ 1 ^ msteaa of or . Thus, for example, if ig is the 

persons a: and j/ if, and only, x is the father of y), and S the relation 

of mothorho^ then B U 5 in the relation S ' parentho^ Xe 

RH Sis,m this case, the null relation. 

Tion fi^ZoM bj: or a nnna- 


R'. 
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It i. a relation which holds between two things if. and only if, the 
“latiorrdoes not hold between them; in other words, for any * 

and y, the formulas. 

xR' y and R y) 

■ 1 Tt should be noted that, if a relation is designated 

ty r— : then its -plenrent >s « d-ote^y the 

roCetaf r t^i 

is usually denoted by and not by < ■ 

In the calculus of relations there occur also entirely new con- 
cepts, without analogues in the ® P ° jbentity and nlvBR- 

roX^s^^hols, e.g., 

symbols “ = ” and “d=” used in other parts ot log 

thus: 


X 1 y and xD y 


instead of : 


X = y and x ^ y* 


rru YTYhok “ = ” and are used in the calculus of relations 

operation, with the ne p AcrTvii' product or composi- 

and 5, a third relation ca e e - binary product is some- 

tion op R and S (as opposed to it, the ^ P of 

times called the absolute product). The relative p 

R and <S is denoted by the symbol : 

R/S) 

it holds between two things x and y if and oniy if, there exists a 
thing z such that we have at the same time . 

xRz and zSy. 
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X and y if there is a person 0 such that x is husband of z and z is 
daughter of y, the relation RjS, therefore^ coincides with the 
relation of being son-in-law.— We have here, in addition, another 
operation of a similar character, whose result is called the relative 
SUM OF TWO RELATIONS. This operation does not play a very 
great role and will not be defined here. 

Finally, we have an operation similar to that of forming R' , 
namely , an operation with the help of which, from a relation R, we 
form a new relation called the converse of R and denoted by: 

R. 

The relation R holds between x and y if, and only if, R holds be- 
tween y and x. If a relation is denoted by a constant, then for 
denoting its converse we often employ the same symbol printed 
in the opposite direction. The converse of the relation <, for 
mstance, is the relation > , since, for any x and y, the formulas : 

X < y and y > x 

are equivalent. 

In view of the rather specialized character of the calculus of 
relations, we shall here not go any further into the details of it. 


29. Some properties of relations 

We now turn to that part of the theory of relations whose task 

It IS to smgle out and mvestigate special kinds of relations with 

which one meets frequently in other sciences and, in particular in 
mathematics. ' 

We shall call a relation R reflexive in the class K, if every 
element x of the class K has the relation R to itself: 

xR X) 

iL°tf rel&tion R to 

/^(xRx), 

^?n . the jelatipn is said to he irreplexive in the class K 

he relation R is caUed symmetrical in the class K if, for anv 

|S|^^leipeRi«^,and Ap dass 
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always implies the formula : 

y R X. 

If, however, the formula: 

X Ry 


always implies: 


{y R x), 


then the relation R is aaid to be asymmetkical m ^Y^rafy 
The relation R is called TEANsrervE in the cwss K it, to y 
three elements t. y and r of the class K the conditions: 


P 




onrl 




P 


always imply: 


xRz. 


If, anally, for any two different elements s and y of the class K, 
at least one of the formulas: 

xR y and y R ^ 

V. u<= is if the relation R subsists between two arbitrary 

dfetin'ct elements of K in at least one direction, the relation is 

'rc”re — at any rate, the unlve^f 

diseor of the science in which we happen ^e — 

:^::trar:‘Lrsf on™t tflTcL K ant simply of 

reflexive relations, symmetrical relations, and so on. 

SO. Relations which are reflexlye, symmetrical and transitiye 

expresses that this relation “ « trm^Wve 

Son 17). Numerous other examples of relations of this kmd 
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may be found within the field of geometry. Congruence, for 
instance, is a reflexiv'e relation in the set of all line segments (or 
of arbitrary geometrical configurations), since every segment is 
congruent to itsdf; it is symmetrical, since, if a segment is con- 
gruent to another segment, the other is congruent to the first; 
and, finally, it is transitive, since, if the segment A is congruent 
to the segment 5, and B to C, then the segment A is also congruent 
to the segment C. The same three properties belong to the 
relations of similarity among polygons or of parallelism among 
straight lines (assuming any line to be parallel to itself), or— out- 
side the domain of geometry— to the relations of being equally 
old among people, or of synonymity among words. 

Every relation which is at the same time refle.xive, symmetrical 
and transitive is thought of as some kind of equality. Instead of 
saying, therefore, that such a relation holds between two things, 
one can, in this sense, also say that these things are equal in such 
and such a respect, or in a more precise mode of speech — that 
certain properties of these things are identical. Thus, instead of 
stating that two segments are congruent, or two people equally 
old, or two words synonymous, it may just as well be stated that 
the segments are equal in respect of their length, that the people 
have the same age, or that the meanings of the words are identical. 

*By way of an example we will give an indication of how it is 
possible to establish a logical basis for such a mode of expression. 
For this purpose let us consider the relation of similarity among 
polygons We will denote the set of all polygons similar to the 
given polygon P (or, to use a slightly more current terminology 
the common property which belongs to all polygons similar to P 
and to no others) as the shape of the polygon P. Thus shapes 
are certain sets of polygons (or properties of polygons; cf. remarks 
at the end of Section 22). Making use of the fact mentioned 
above that the relation of similarity is reflexive, symmetrical and 
transitive, we can now easily show that every polygon belongs to 
one and only one such set, that two similar polygons belong always 
o e same set, and that two polygons which are not similar belong 

jLtements^ 


the polygons P and Q are similar 
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shapes of P and Q are identical) 

are equivalent. . . , course of the 

expression : 

the classes K and L are equinumerous 
to the equivalent one. 

the classes K and L have the same cardinal number. 
applicable to any principle of abstraction, 

There is even a logical la , . , r fnr the procedure 

whth^wf rave C"rint but we ehall here forego the 
exact formulation of this principle* 

also sometimes reserved for ^ 1 if such a 

relation holds between them. For instance 

been pointed out in Sect™ ^W, co^ ,,„phasize here once 

irlutls Referable to avoid such 

tt^racrln^r w" 'co'nsider the terms ..equality 
and “identity” as synonymous. 

31. Ordering relations ; examples of other relations 
Another very common hind of 

which are asymmetrical, transitive an . j ^ the class 

K (they must then, as can be shown, also be irrellexive 
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K). Of a relation with these properties we say that it establishes 
AN ORDER IN THE CLASS K ; we say also that the class K is ordered 
BY THE RELATION R. Consider, for example, the relation of being 
smaller (or, the relation less than, as we shall say occasionally); 
it is asymmetrical in any set of numbers, for, if x and y are any 
two numbers and if 

X < y 

then 

y < X, i.e. ~(i/ < x); 

it is transitive, since the formulas: 

X < y and y < z 

always imply: 

X < Z', 

finally, it is connected, since, of any two distinct numbers, one 

must be smaller than the other (and it is also irreflexive, since no 

number is smaller than itself). Any set of numbers, therefore, is 

ordered by the relation of being smaller. Likewise, the relation 

of being greater represents another ordering relation for any set of 
numbers. 

Let us now consider the relation of being older. One can easily 
verify that this relation is irreflexive, asymmetrical and transitive 
in any given set of people. However, it is not necessarily con- 
nected; for it can happen, perchance, that the set contains two 
people having exactly the same age, that is to say, who were born 
at the same moment, so that the relation of being older does not 
hold between them in either direction. If, on the other hand, we 
consider a set of people in which no two are of exactly the same 
age, the relation of being older establishes an order in that set. 

Many instances of relations are known that belong to neither 
of the two categories discussed in the present section and in the 
preceding one. Let us consider a few examples. 

The relation of diversity is irreflexive in any set of things, since 
no thing is different from itself ; it is S3anmetrical, for, if 

« + y. 
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then we also have 

2 / 

it fails to be transitive, however, since the formulas: 

X 4= y and y ^ z 

do not imply the formula: 

a: 4= z; 

it is, on the other hand, connected, as can be seen at once. 

The relation of inclusion between classes, by the law of identity 
and one of the laws of syllogism (cf. Section 24), is reflexive and 
transitive; it is, further, neither symmetrical nor asymmetncal, 

since the formula: 

KCIL 


neither implies nor excludes the formula : 

LdK 

(these two formulas are fulfilled simultaneously if, and only if, 
the classes K and L are identical); finally, it can be seen wit 
ease that it is not connected. Thus, the relation of inclusion 
differs in its properties from other relations thus far considered. 


32. One-many relations or functions 

We will now deal in some detail with another particularly 
important category of relations. A relation R is called a ON^ 
MANY or FUNCTIONAL RELATION or simply a FUNCTION if, to every 

thing y, there corresponds at most one thing x such that xRy, 
in other words, if the formulas: 

xRy and zRy 
always imply the formula: 

X = 2. 

The successors with respect to the relation R, that is, those thmgs y 
for which there actually are things i such that 

X Ry, 
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are the argument values, the predecessors are the function 
VALUES or, simply, the values of the function R. X-et R be an 
arbitrary function, y any one of its argument values ; the unique 
value X of the function corresponding to the value y of the argu- 
ment we wUl denote by the symbol “Riy)”-, consequently we 
replace the formula: 



X R y 


•t/ 




It has become the custom, especially in mathematics, to use, not 
the variables ‘i?”, but other letters such as “o” 

these° functional relations, so that we find formulas like 


® — Siy), X = g{y')^ . . . ; 

the formula: 


^ = S^y), 

for instance, is read as follows : 

% 

the function f assigns (or correlates) the value x to the 

argument value y 

or 


X ts that value of the function f which corresponds to (or is 

correlated with) the argument value y. 


and continue to use “x” and “y” 


dlnof-® another custom, of using the variable “x” for 

the value of the function. We shall not adhere ^to thL custom! 
jv • • "tho opposit© ord©r b©P3i.iiRA 

^ I?--'' k’’’** 

tenzed as a relation between two ^Variablp^^ 

numbers: the ‘-independent varUble “ andttt Ve“va2! 
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able”, which depend upon each other in so far as a change of the 
first effects a change of the second. Definitions of this kind should 
no longer be employed today, since they are incapable of standing 
up to any logical criticism; they are the remains of a period m 
which one tried to distinguish between “constant and variable 
quantities (cf. Section 1). He who desires to comply with the 
requirements of contemporary science and yet does not ™ ^o 
break away completely from tradition, may, however, retmn the 
old terminology and use, beside the terms “argument value md 
“function value”, the expressions “value of the independe 
variable” and “value of the dependent variable . 

The simplest example of a functional relation is represented 

by the ordinary relation of identity. As an 

from everyday life let us take the relation expressed by the senten 

tial function; 

X is father of y. 

It is a functional relation, since, to every person y, there exkts 
but one person . who is father of -^er t^nd-te 

functional character of this relation, we insert the word the 

in the above formulation : 

X is the father of y, 

instead of which we might also write: 

* ^ 

X is identical with the father of y. 

Such an alteration of the original expression, involving the 
tion of the definite article, serves, in ordinary language, exactly 
the same purpose as the transition from the formula : 


xRy 




to the formula : 


X = R{y) 


■■ -i 


in our symbolism. 

The concept of a function plays a most „ 
mathematical sciences. There are ,whol6^hr^o|M ^ 
mathematics devoted exclusively to thejtu^ pyw||J 

functional relatioria. But yso'^in eWehta^ 



V 


« ^ 4 
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if j * 1 T ^ an abundance of 

functional relations. Examples are the relations expressed by 
such formulas as: 

^ y = 5, 




X = sin y, 

and many others. Let us consider the second of these formulas 
more closely. To every number y, there corresponds only one 
number a; such that x = y\ so that the formula really does repre- 
sent a functional relation. Argument values of this function are 
arbitrary numbers, values of the function, however, only non- 

“r^the formufa^' this function by the symbol 


assumes the form: 



^ = /(y) ■ 


Evidently “x” and ”y” 
nating definite numbers. 


may here be replaced by symbols desig- 
Since, for instance, 


it may be asserted that 





J \ 


f 


'“'‘“‘“I / corresponding to the argument 

***’" *" o'oroontary mathematics 

Fo^exLnt relations which are not functions, 

^r ex^ple. the relation of being smaller is certainly not a function, 

a“ch th^t ^ infinitely many numbers a 


X < y. 

Nor is the relation between the numbers x and 

ipiTOUla: 


y expressed by the 
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a functional relation since, ffL'Xrthe form^Ts 

„,ay correspond two ";X^tfor LIa.,ce, we have both 

‘O -S.e-va.o 

in the ordinary meaning). ^ seem 

Sis r^Tytods lo blot out the essential diflerence bcitween 
rnJtta or a rmiCion and the more general one ot a relation. 

Functions are of particular significance - ^ 
of two kinds of quantities 

:cc::rrm‘ro 0.0™:, 

the form of ^ of the one kind by the correspond- 

S“::d;"^-t;;er., suci a -o™;".rs" 

s = 16.1 

expressing the dependence ot the " a emmred 1^ a Wy 
falling body, upon the time I ot its fall (the distance 

ured in feet and the time m seconds). 

conclusion of our remaps 

now differs essentially from the eoncepte of a sen en 

not belong to the dome h, to comoose logical 

certain categories of expressions which sei ve 

rateTr ti ::r l . . - - 

dealt with in logic and mathematics. There is, no doubt, a 
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nection between these concepts, which may be described roughly 

as follows. If the variable “x” is joined by the symbol “ — ” to a 

designatory function containing “y” as the only variable, e.g. to 

“2/2 2y 3”, then the resulting formula (which is a sentential 
function) ; 

X = + 2y + Z 

expresses a functional relation; or, in other words, the relation 
holding between those and only those numbers x and y which 
satisfy this formula is a function in the new sense. This is one of 
the reasons why these concepts are so often confused.* 


33. One-one relations or biunique functions, and one-to-one 

correspondences 

Among the functional relations particular attention should be 

paid to the so-called one-one relations or biunique functions 

that is, to those functional relations in which not only to every 

argument value y only one function value x is correlated, but also 

conversely only one argument value y corresponds to every value x 

of the function; they might also be defined as those relations which 

have the property that their converses (cf. Section 28) as well as 
the relations themselves are one-many. 

If /is a biunique function, K an arbitrary class of its argument 
values, and L the class of function values correlated with the 
elements of K, we say that the function / maps the class K on 

THE CLASS L in A ONE-TO-ONE MANNER, or that it ESTABLISHES A 

one-to-one CORRESPONDENCE BETWEEN THE ELEMENTS OF K 
AND L. 


_ Let US consider a few examples. Suppose we have a half-line 

issuing from the point 0, with a segment marked off indicating 

the unit of length. Further let Y be any point on the half-line 

Then the segment OF can be measured, that is to say, one can 

correlate with it a certam non-negative number x called the length 

of the se^ent. Since this number depends exclusively oft the 

position of the point Y, we may denote it by the symbol “f(Y)”- 
we consequently have: •'v > 


= /(F). 
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But, conversely, to every non-negative nunrber x 
construct a uniquely determined segment OY on the halt line 
under consideration, whose length equals x; in «^er words, to 
every x, there corresponds exactly one point Y such that 

X = /(F). 

The (unction / is, therefore, biunique; it establishes a one-to-one 
Irrespondence belrveen the points of the half-line and the non- 

-Ccorrespondenoe between the points of the entrre .me and a„ 

real numbers). Another example is supplied by the relation 
expressed by the formula: 


X - -y 


St cirmi;^‘or'n^stance, the set of a„ PO—^ ^s 

last example let us consider the relation expressed by the formula. 

X = 2y 

under the assumption that the symbol "y" here denotes natural 
"umLtonly. Igain we have a biunique funcBon; d corrda^ 
with every natural number y an even number 2y and ^ ice versa 
to every even natural number x there oortespojids jus^one num 

tLai numbers and even natural 

the field of geometry (symmetric, colUnear mappings, and so o ). 

♦ Owine to the circumstance that we have the notion of a one-t^ 

nUs1hV:o:c:;roTeq" (see Seclon 26), 

r shal‘l “hat two^classos X and L - ^qu— , 
or that they have the same cardinal number, if thei e exists a fun 
to wWcf elblishes a one-t<«ne correspondence between the 
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elements of the two classes. On the basis of this definition it 
follows, in connection with the examples considered above, that 
the set of all points of an arbitrary half-line is equinumerous with 
the set of all non-negative numbers; and likewise, that the set of 
positive numbers and the set of negative numbers are equi- 
numerous, and that the same holds for the set of all natural 
numbers and the set of all even natural numbers. The last ex- 
ample is particularly instructive; for it shows that a class may be 
equinumerous with a proper subclass of itself. To many readers 
this fact may seem most paradoxical at a first glance, because 
usually only finite classes are compared with respect to the num- 
bers of their elements, and a finite class has, indeed, a greater 
cardinal number than any of its parts. The paradox disappears 
on calling to mind that the set of natural numbers is infinite and 
that we are, by no means, justified to ascribe properties to infinite 
classes that we have observed exclusively in connection with finite 
classes.— It is noteworthy that the property of the set of natural 
numbers of being equinumerous with one of its parts is shared by 
all infinite classes. This property is, therefore, characteristic of 
mfinite classes, and it permits us to distinguish them from finite 
classes; a finite class can simply be defined as a class which is not 
equmumerous with any one of its proper subclasses. (However 
this definition entails a certain logical diflSculty, a discussion of 
which we will not enter into here.)^* 


O*. many-xerrnea relations; functions of several variables and 

operations 

We have, so far, considered exclusively two-termed (or bi- 
nary) relations, that is, relations holding between two things. 
However, one also meets frequently with three-termed (or 
ternary) and, in general. MANY-TTRTIMlim -D-PT Amr/\xTn 


here ™ T the property of infinite classes discussed 

m l^dUchen (Leipzig 1851, posthumously 

%j5^setsr Mbve property ^ 


V. *•- 
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sciences. In geometry, for instance, the relation df 

constitutes a typical example of a three-termed relai 

between three points of a line, and is expressed symbolically 
the formula: 







by 


A/B/C 

which is read : 

the point B lies between the points A and C. 

Arithmetic, too, supplies numerous examples of three-termed 
relations; it may suffice to mention the relation between three 
numbers x, y and z, consisting in the fact that the first number is 
the sum of the other two : 


X = y z, 

as well as similar relations, such as are expressed by the following 
formulas: 

X = y - z, 

X = y.z, 

X = y:z. 

As an example of a four-termed relation let us point to the relation 
holding between four points A, B, C and D if, and only if, the 
distance of the first two equals the distance of the last two, in 
other words, if the segments AB and CD are congruent. Another 
example is the relation holding between the numbers x, y, z and t 
whenever they form a proportion: 

x\y = z\t. 

Of particular importance among the totality of many-termed 
relations are the many-termed functional relations, which cor- 
respond to the two-termed functional relations. For reasons of 
simplicity we shall restrict ourselves to a discussion of three- 
termed relations of this type. R is called a three-termed 

FUNCTIONAL RELATION if, to any two things y and z, there corre- 
sponds at most one thing x having this relation to y and z. This 
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uniquely determined thing, provided it exists at all, we denote 
either by the symbol: 

Riy, z) 

or else by the symbol: 

y Rz 

(which now assumes a different meaning from what it had in the 
theoiy of two-termed relations). Thus, for the purpose of ex- 
pressing that X stands to y and z in the functional relation R, we 
have two formulas at our disposal: 

X = z) and x = y R z. 

Corresponding to this twofold symbolism we have a twofold 
mode of expression. When using the notation: 


X = R(y, z), 

the relation R is called a function. In order to differentiate 
between two-termed and three-termed functional relations, we 
speak, in the first case, of functions op one variable or of 
FUNCTIONS WITH ONE ARGUMENT, and, in the second, of functions 

OP TWO VARUBLES Or of FUNCTIONS WITH TWO ARGUMENTS. 

Similarly, four-termed functional relations are called functions 

OP THREE VARUBLES Or FUNCTIONS WITH THREE ARGUMENTS and 

SO on. In designating functions with any number of arguments 
It IS customary to employ the variables "g», . . . ; the formula: 


is read: 


* = Ay, 2) 


X is that value of the function f which is correlated with the 

argument values y and z. 

When the symbolism : 

x^yRz 

is employed, the relation R is usually referred to as an operation 
or, more spedificaUy, a binary ope^tion, and the above formula 

IS read as follows: ' 


> ' . r « 


, .1 - 




z^is 


\ j t 


out on y and z; 
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T u 1 we tend to use, in this case, Other letters 

in place of the lette fundamental arithmetical 

especially the letter 0 ■ ^multiplication and divismn 

operations of ® g^^h logical operations as addition 

The content of the ^"'0 concepts of 

of a binary °P"''^,^7;;^^"J;etions of one variable are sometimes 
also called operations, and P^^t 

^riU rfct t Sly thought of, not as a function, but as an 
“ « the 

relations, one \ Jr pnly been made of one particular 

category of three-termed relat prdi- 

operations, as the investigations are carried on 

nary arithmetical addition. T J discipline known 

this book. 

35. The importance of logic for other sciences 

We have discussed the most goracquainted with 

porary logic, concerning these concepts. It 

had not been our ’ avails oneself within scien- 

logical concepts ai^ aws ° r^ot necessary, as far as the 

tific arguments. This, i^^ide concerned, even of 

study and promotion of o ^ L^gic is 

mathematics which is cspeci y 1 ^ gpigpces, if only for the 

— t we employ concepts taken from 
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the field of logic and that every correct inference proceeds in 
accordance with the laws of that discipline. But this does not 
imply that a thorough knowledge of logic is a necessary condition 
for correct thinking; even professional mathematicians, who, in 
general, do not commit errors in their inferences, usually do not 
know logic to such an extent as to be conscious of all logical laws 
of which they make unconscious use. All the same, there can be 
no doubt that the knowledge of logic is of considerable practical 
importance for everyone who desires to think and infer correctly, 
since it enhances the innate and acquired faculties to this effect 
and, in particularly critical cases, prevents the committing of mis- 
takes. As far as, in particular, the construction of mathematical 
theories is concerned, logic plays a part of far-reaching importance 

also from the theoretical point of view; this problem will be dis- 
cussed in the next chapter. 


Exercises 

1. Give examples of relations from the fields of arithmetic, 
geometry, physics, and everyday life. 

2. Consider the relation of being father, that is to say, the rela- 
tion expressed by the sentential function : 


X is father of y. 

Do all human beings belong to the domain of this relation? And 
do they all belong to the counter-domain? > 


3. Consider the following seven relations among people, namely 
of being father, mother, child, brother, sister, husband, wife. We 
denote these relations by the symbols “F”, “M” "C” “B” “S” 

“H”, “W”. By applying various operations defined in Section 28 
to the relations, we obtain new relations for which we sometimes 
fand simple names in ordinary language; “H/C”, for instance, as 
can be seen very easily, denotes the relation of being son-in-law 
t^ind, if possible, simple names for the following relations: 

B, H, HUW, FUB, F/M, M/C, B/C, F/(H U W), 

(B/C) U [H/(S/C)]. 
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,.p.ess with the help ot 

S rf' b *g‘pareS: lung, grapd-child, daughter-in-law and 

mother-in-law. following formulas, and determine 

Explain the meanings ot the loiiowms 

which of them are true : 


; c MS B . S. F u M . e, H/M . F. B/S <= B, 

S C C/C. 


4. Consider the foUowing two tormulaa ot the caloulus of re- 
lations: ^ ^ 

R/S = s/tt and {R/S) = S/R. 

^ w f Consider what it means to say that the relation {RJS} 
(that is. the converse of the relation R/S) or 
holds between two things x and y. 

5 Formulate in symbols the dehnHions of aU tom. ot the 

cdculus of relation, that were discustoi m Section . 

Hint: The definition ot the sum ot two relations, tor instance, 

has the following form; ^ 

{x {R \J S)y]^ Rv) V (as S 3/)l- 

6. Which among the properties ot relays diseustoi in SeeUon 
29 are possessed by the following relations . 

W the relation ot divisibility in the set of naturM numbem; 

their greatest common divisor is 1) , 

Cc) the relation ot congruence in the set of polygons; 

(d) the relation of being longer in the set ot line segm»^l 

(e) the relation ot being perpendicular in the set ot stgmght 

lines of a plane : 
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(f) the relation of intersecting in the set of geometric configura- 
tions; 

(g) the relation of simultaneity in the class of physical events; 

(h) the relation of temporally preceding in the class of physical 
events ; 

(i) the relation of being related in the class of human beings; 
(k) the relation of fatherhood in the class of human beings? 

7. Is it true that every relation is either reflexive or irreflexive 
(in the given class), and either S3anmetrical or asymmetrical? 
Give examples. 

8. We shall call the relation R intransitive in the class K 
if, for any three elements x, y and z of K, the formulas: 

X Ry and y R z 

imply the formula: 

'^{xRz). 

Which of the relations listed in Exercises 3 and 6 are intransitive ? 
Give other examples of intransitive relations. Is every relation 
either transitive or intransitive? 

*9. Show how to make the transition from the expression: 

A 

(he lines a and h are parallel 
to the equivalent one: 

the directions of the lines a and b are identical, 

and how, in this connection, to define the expression *Hhe direction 
of a line". 

Solve the same problem for the following two expressions: 

(he segments AB and CD are congruent 

and 

th^ lengths, of fhe segments AB and CD are equal. 
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Hint. Compare the remarke in Section 30 concerning the con- 
cept of similarity . 

in Let us agree to call two signs, or two expressions consisting 

Son that is. with respect to the place at which they 

arprinted; oferwise let us call them noN-E«u.ronM. For m- 

Stance, in the formula; 

I = X, 

the variables on the two sides of 

whereas we have non-equiform variables in the formula. 

X = y. 

Of how many signs does the formula. 

X + y = y + 3: 

• F? Into how many groups can these signs be divided, such 
Zrtwo equiform signs belong to the same group and two non- 

relations of equiformity and non-equifomuty? 

.11 Exnlain on the basis of the results of the preceding exer- 
cise! why i? ma; be said of^uif o™ .^s thaUh^y ar^q^ad ^h 

i^a ve'ry common usage to call equiform signs simply equjl 
and even to treat them as if they were one and same sign. 
Tte instance, often said that in an expression like. 

X + X 

one and the same variable occurs on both sides of the s^bol “+ . 
How should this be expressed with greater exactness? 

*12. The inexact mode of speech which was ou^ 
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Show that inexactitudes of this kind occur on pp. 12 and 56, and 
explain how they could be avoided. 

Another example of an inexact mode of speech of this kind is 
the following: when speaking of sentential functions with one 
free variable one means functions in which all free variables are 
equiform. How can the expression: 

sentential functions with two free variables 
be formulated more exactly? 

13. Given a point in a plane, consider the set of all circles in 
that plane with the given point as their common center. Show 
that this set is ordered by the relation of being a part. Would 

this be true too, if the circles did not lie in the same plane, or if 
they were not concentric? 


14. We consider a relation among words of the English language 
which will be called the relation of preceding (in lexicographi- 
cal order). We shall explain here the meaning of this terra by 
means of examples. The word “and” precedes the word “can”, 
since the first begins with “a”, the second with “c”, and “a” has 
an earlier place in the English alphabet than “c”. The word 
yr” precedes the word “ale”, since they have the same first 
letter (or, rather, equiform first letters— cf. Exercise 10), while the 
second letter of the first word, that is “i”, has an earlier place in 
the English alphabet than the second letter of the second word, 
that is “I”. Analogously, “each” precedes “eat”, and “timber” 
precedes “time”. Finally, “war” precedes “warfare”, since the 
first three letters of these words are the same, while the first word 
has only these letters, and the second more than these; and 
analogously “mean” precedes “meander”. 

Write the following words in a line so that, of any two words 
the one on the left precedes the one on the right: 

care, arm, salt, art, car, sale, trouble, army, ask. 

Try to define the relation of preceding among words in a quite 
Seneral way. Show that this relation establishes an order in the 
set of all English words. Point out some practical applications 
)f this relation and explain why it is said to establish a lexico- 
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1 rnnsider an arbitrary relation R and its negation R'. Show 
SS state Jn.. of the «.eory of relations are true: 

(a) if the relation R is reflexive in the class K, then the relation 
R' is irreflexive in that class; 

(b) if the relation R is symmetrical in the class K, then the rela- 
tion R' is also symmetrical in that class K; 

*{c) if the relation R is asymmetrical in the class K, then the 
relalion R' is reflexive and connected in that class; 

*(d) if the relation R is transitive and connected in the class K, 
then the relation R' is transitive in that class. 

Are the converses of these statements likewise true? 

16 Show that, if the relation R has one of the 
cuLed in Section 29, the converse relation R possesses the same 

property. 

*17 The properties of relations which were introduced m Se^ 

the olL K to which they refer is the umversal class. 

The formulas; ^ 

R/R d R and D Cl R U ^2, 

for instance express that the relation R is transitive and con- 

expressed by the formula. ^ ^ 

C I ? ' 


18. Which of the relations expressed by the following ^ J 
are functions; 

(a) 2x + ^y — 12, 

(b) a:* = yS 

(c) ® -b 2 > y - 3, 


r* * 
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(d) X y = 

(e) X is mother of y, 

(f) X is daughter of y ? 


Which of the relations considered in Exercise 3 are functions? 
19. Consider the function expressed by the formula: 

X = 1/2 + 1. 

What is the set of all argument values, and what is the set of all 
function values? 

*20. Which of the functions in Exercise 18 are biunique? Give 
other examples of biunique functions. 

*21. Consider the function expressed by the formula: 

X = 3y + 1 , 

Show that this is a biunique function and that it maps the 

Pv^ r “J ■" » “"-‘“-one cf 

Exerc.se 6 of Chapter IV). What conclusion n.ay be d, awn from 
this concerning the cardinal numbers of those intervals? 

♦22. Consider the function expressed by the formula: 


X 


2 \ 


of the preceding cxer 

are ;Xme“us ^11 positive numbers 

odd"^LS.”e7sr :u:i:re^l“ “<» ‘On -t of aU 


*. Which of the 
ng formulas are 

(a) X + y -{- 2 


expressed by the fol- 


0 , 


(b) 


y > 2z, 
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(c) + 2 ^, 

(d) X + 2 = 1/2 + 2^ ? 

26. Name a few laws of physics that state the existence of 
functional relation between two, three and four quantities. 
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ON THE DEDUCTIVE METHOD 


Fundamental constituents of a di 

and defined terms, axioms 


primitive 


• attempt an exposition of the fundamental prin- 

ciples that are to be applied in the construction of logic and 
mathematics The detailed analysis and critical evaluation of 
ese principles are tasks of a special discipline, called the meth- 

M^TT^r 7 SCIENCES or the METHODOLOGY OF MATHE- 

Spence It is undoubtedly important to be conLous of the method 

IhaH^c u construction of that science; and we 

shall see that, in the case of mathematics, the knowledge of that 

know? of particularly far-reaching importance, for lacking such 
matS impossible to comprehend the nature of mathe- 

The principles with which we shall get acquainted serve the 
LtiS^the hiXsT l^owledge acquired in logic and mathe- 

^point of view^a metho^orpfo^iXre wlld'^Cweal ^ifT 

otfh^r QxprBSsionsi &jid in order te Avnioin * * i 

egmning of. a pjteeesa.^ich c^ never be brought to an end^ 

apeakmg, may be characterized as an 
117 
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INFINITE REGRESS— a regressus in infinitum. The situation is quite 
analogous as far as the justification of the asserted statements of 
the science is concerned; for, in order to establish the validity of a 
statement, it is necessary to refer back to other statements, and 
(if no vicious circle is to occur) this leads again to an infinite 

regress. 

By way of a compromise between that unattainable ideal and 
the realizable possibilities, certain principles concerning the con- 
struction of mathematical disciplines have emerged that may be 

described as follows. _ 

When we set out to construct a given discipline, we distinguish, 

first of all, a certain small group of expressions of this discipline 

that seem to us to be immediately understandable; the expressions 

of this group we call primitive terms or undefined terms, and 

we employ them without explaining their meanings. At the same 

time we adopt the principle: not to employ any of the other 

expressions of the discipline under consideration, unless its 

meaning has first been determined with the help of primitive 

terms and of such expressions of the discipline whose meanings 

have been explained previously. The sentence which determines 

the meaning of a term in this way is called a ^ 

the expressions themselves whose meanings have thereby been 

determined are accordingly known as defined terms. 

Wo proceed similarly with respect to the asserted statements of 

the discipline under consideration. Some of these statements 
which to us have the appearance of evidence are chosen as the 
so-called primitive st.\tements or axioms (also often referred to 
as POSTULATES, but WO shall not use the latter term in this tech- 
nical moaning here) ; we accept them as true without m any way 
est ablishing their validity. On the other hand, we agree to accept 
any other statement as true only if we have succeeded in establish- 
ing its validity, and to use, while doing so, nothing but axioms 
definitions and such statements of the discipline the vahdi y o 
which has been established previously. As is well known, sta e- 
ments established in this way are called proved st.atements or 
theorems, and the process of establishing them is called a proof. 
More generally, if within logic or mathematics we establish one 
statement on the basis of others, we refer to this process as a 
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DERIVATION OT DEDUCTION, and the Statement established in this 

way is said to be derived or deduced from the other statements 
or to be their consequence. 


Contemporary mathematical logic is one of those disciplines 
which are constructed in accordance with the principles just 
stated; unfortunately, it has not been possible within the narrow 
ramework of this book to give this important fact due jirorni- 
nence. If any other discipline is constructed according to the^e 
principles. It is already based upon logic; logic, so to speak, is 
hen a ready presupposed. This means that all expressions and 
aws of logic are treated on an equal footing with the primitive 
erms and axioms of the discipline under construction; the logical 
terms are used in the formulation of the axioms, theorems and 

and instance, without an explanation of their meaning, 

and the logical laws are applied in proofs without first establishing 
their validity. Sometimes it is even convenient not only to use 
logic in the construction of a discipline but to presuppose in the 
ame sense certain mathematical disciplines previously con- 
structed; for reasons of brevity, these theorie.s!^ together with 
logic, may be characterized as the disciplines preceding the 
given DISCIPLINE. Thus logic itself does not presuppose anv ore- 
ceding discipline; in the construction of arithmetic as a special 
mathematical discipline logic is presupposed as the only preceding 
disciphne; on the other hand, in the case of geometfy rTs 

but‘lL alithm^tk ' presuppose not only logic 

"r rr i: ssrs r - 

Before undertaking the construction i ^ 

pHnes have to be^ enumetS ta" are to 

anTtir’ “nteming the defining of expressions 

and the proving of statements, however are limitpd tn H 


f a discipline in s 

nth the prmciples laid down above is known a 


accordance 

deductive 
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method; and the disciplines constructed in this manner are called 
DEDUCTIVE THEORIES^ The vicw has become more and more 
common that the deductive method is the only essential feature 
by means of which the mathematical disciplines can be distin- 
guished from all other sciences; not only is every mathematical 
discipline a deductive theory, but also, conversely, every deductive 
theory is a mathematical discipline (according to this view 
deductive logic is also to be counted among the mathematical 
disciplines) . We will not enter here into a discussion of the reasons 
in favor of this view, but merely remark that it is possible to put 
forward ponderable arguments in its support, 

37. Model and interpretation of a deductive theory 

As a result of a consistent application of the principles presented 
in the preceding section, deductive theories acquire certain in- 
teresting and important features which we shall describe here. 
Since the questions which we are going to discuss have a rather 
involved and abstract character, we shall try to elucidate them by 
means of a concrete example. 

Suppose we are interested in general facts about the congruence 
of line segments, and we intend to build up this fragment of 
geometry as a special deductive theory. We accordingly stipulate 
that the variables “x”, “y”, “ 2 ”, . . . denote segments. As primi- 
tive terms we choose the symbols “S” and The former is 

> The deductive method cannot be considered an achievement of recent 
times. Already in the Elements of the Greek mathematician Euclid 
(about 300 B.C.) we find a presentation of geometry which leaves nothing 
much to be desired from the standpoint of the methodological principles 
stated above. For 2200 years, mathematicians have seen in Euclid’s 
work the ideal and prototype of scientific exactitude. An essential progress 
in this field occurred only during the last 50 years, in the course of which 
the foundations of the basic mathematical disciplines of geometry and 
arithmetic were laid in accordance with all requirements of the present-day 
methodology of mathematics. Among the works to which we are indebted 
for this progress we will mention at least the following two, which have 
already become of historic importance: the collective work Formulaire de 
Malhematiques (Torino 1895-1908) whose editor and main author was the 
Italian mathematician and logician G. Peano (1858-1932), and Grund- 
lagen der Geometrie (Leipzig and Berlin 1899) by the great contemporary 
German mathematician D. Hilbert. 



MODEL AND INTERPRETATION 

an abbreviation of the term “the set of all segments'’: the 
designates the relation of congruence, so that the formula: 
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latter 


X 


y 


is to be read as follows: 


the segments x and y are congruent 


Further we adopt only two axioms : 


Axiom I. F or any element x of the set S , x^x (in other words • 

every segment is congruent to itself). 

Axiom II. For any elements x, y and z of the set S, if x ~ z 

ent to thTsn segments congru^ 

ent to the same segment are congruent to each other). ^ 

frol^ of segments may be derived 

Irom these axioms, for instance: 


Theorem II. For 




o-nd y~z, men 2' S, t/ 

The proofs of these two theorems are very easy Let 
instance, sketch the proof of the first. 

Putting m Axiom II “2” for “x" we obtain: 

for any elements y and z of the set S, if z 

then z c:± y 


X 


y 


US, for 


and 


V 


In the hypothesie of thie statement we have the formula: 


^nnee C o:i:ttr ^etr ^ - 

the wZtag™ considerations we want to make 

things den^i^d bylh^p^^St^; 
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1 thcr consruenoe, i, 

: r xr<i„ the — 

rt »irct,o„ 0 . 0 . tw. in — 

theorems from the axioms we L not understand the con- 

knowledge, and behave “ 7“® our coiiderations, and as if we 
tent of the concepts invo expressly asserted 

knew nothing -b;" elmonly put. the meaning 

in the axioms. We dis 7„ „ j bv us and direct our attention 

of the P;‘7'777^ “ tbo axioms in which these terms occur, 
“fh^thes a very significant -d 

Let us replace the P'^^^krforinstance, the symbol "S" by 

our ‘Iteory by 777 V 

the variable K aenormg simplify the con- 

variable “i?” denoting re a ions contain defined 

siderations, we disregard here y 

terms). The statements x-i functions which contain two 

ee„tences,7t "^t^h rx^ress, in gener^ the 

free variables, A and , , , gr^y in the class K 

fact that the "elation as_^ is^ ^ 

(or, more precisely, tha ^ pacilv seen Axiom I 

and R ; cf . Section 27) . For ^ relation R is’ reflexive, 

and Theorems I and II will now say that relation ^ 

symmetrical and not have any special name 

will express a property for following 

and to which we shall refer as property P, this 

property: 

for any elements x,y and z of the class K,i! xRz a V s, 

‘ then xRy- 

Since, in the proofs of our theory, NT^Jf'congruence'but those 

the class of segments and rftherfabonrf cong^n^^ 

which were explicitly stated m e ^ , jf and 

any relation R having those PtoP«7; “ w[ui any theorem 

generalization of the P^^^ 'on ing to the domain of logic, 
of our theory a general law belonging 
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namely to the theory of relations, and stating that every relation 
R which is reflexive and has the property P in the class K also has 
the property expressed in the theorem considered. So, for in- 
stance, the following two laws of the theory of relations correspond 
to Theorems I and II : 


I'. Every relation R which is reflexive in the class K and has the 
property P in that class is also symmetrical in K. 

II'. Every relation R which is reflexive in the class K and has the 
property P in that class is also transitive in K. 


If a relation R is reflexive and has the property P in a class K, 
we say that K and R together form a model or a realization of 

THE AXIOM SYSTEM of our theory, or, simply, that they satisfy the 

axioms. One model of the axiom system is formed, for instance, 
by the class of the segments and the relation of congruence, that 
is, the things denoted by the primitive terms; of course, this model 
also satisfies all the theorems deduced from the axioms. (To be 
exact, we ought to say that a model satisfies not the statements 
of the theory themselves, but the sentential functions obtained 
from them by replacing the primitive terms by variables.) How- 
ever, this particular model does not play any privileged role in 
the construction of the theory. On the contrary, on the basis of 
universal logical laws like T and IT we arrive at the general 
conclusion that any model of the axiom system satisfies all theo- 
rems deduced from these axioms. In view of this fact, a model 
of the axiom system of our theory is also referred to as a model 
OF THE theory itself. 


We are able to exhibit many different models for our axiom 
system, even in the domain of logic and mathematics. To obtain 
such a model, we select within any other deductive theory two 


constants, say “K” and “R” (the former denoting a class, the 
latter a relation), then we replace “S” by “K” and by “R” 
everywhere in the system, and finally we show that the sentences 


thus obtained are theorems, or possibly axioms, of the new theory. 
If we have succeeded in doing so, we say that we have found an 


interpretation of the axiom system — and, at the same time, 
of our whole deductive theory — within the other deductive 


theory. If we now replace the primitive terms “S” and 
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,, ..K" and .■«», not o„,y the 

rtL^Thltr — o, the new dednct.e theoty. 

We shall give here A°L'm Ihe 

h:r^""yr Uoi o, 

symbol “s” by logical laws (in fact, Laws 

II and V of Section 17 m ^ a model of 

class and the 'relation o ^ufthLry has found an interpretation 

"s”"and ‘S- by the symbols “V” and “ = we are sure to 
aSve at true lo"gical sentences (in tet. we are agam tannhar 

them-cf. Laws III and IV of f ” „lher set of 

Next, let us consider the ^t of^ 1 nu^-s, o ^ ^ 

numbers, denoting it by W . i^eii us 
equivalent, in symbols. 

X = y 

if their difference x - 


y is an integer; thus we have, for example: 


I4 — 


whereas it is not the case that 
If now, in 

("ue thioUs of arithmetic. “ a-y__— “ ‘ 
pretation within arithmetic, model of the axiom sys- 

relation of equivalence - . , jgasoning we are sure that 

tern. And again, wittout^MJ^P statements U 

Tey r suljected to the same transformation as the axioms. ^ 

The general facts described above ^,f,““'“^°Sere 
cations in methodological researc e . proved 

r rs's?-" “1-. -e 

duced from our axiom system. 
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Let us consider the following sentence A (formulated in logical 
terms and in the primitive terms of our theory only) : 

A. There exist two dements x and y of the set S for which it is not 
the case that x (in other words; there exist two segments which 
are not congruent) . 

This sentence seems to be undoubtedly true. Nevertheless, no 
attempts to prove it on the basis of A.xioms I and II give a positive 
result. Thus the conjecture arises that Sentence A cannot be 
deduced at all from our axioms. In order to confirm this con- 
jecture, we argue in the following way. If Sentence A could be 
proved on the basis of our axiom .system, then, as we know, every 
model of this .system would satisfy that sentence; if, therefore, we 
succeed in indicating such a model of the axiom system which will 
not satisfy Sentence A, we shall prove thereby that this sentence 
cannot be deduced from Axioms I and II. Now, it turns out that 
producing such a model does not present any difficulties. Let us 
consider, for instance, the set of all integers I (or any other set of 
integers, e.g. the set consisting of the numbers 0 and 1 only) and 
the relation of equivalence = between numbers which was dis- 
cussed above. We already know from the preceding remarks that 
the set I and the relation = constitute a model of our axiom sys- 
tem; Sentence A however is not satisfied by this model, for there 
are no two integers x and y which are not equivalent, that is, 
whose difference is not an integer. Another model appropriate 
to this purpose is formed by an arbitrary class of individuals and 
by the universal relation V holding between any two individuals. 

The type of reasoning just applied is known as the method of 

PROOF BY EXHIBITING A MODEL Or BY INTERPRETATION. 

The facts and concepts discussed here can be related, without 
essential change, to other deductive theories. In the next section 
we shall try to describe them in a quite general way. 

38. Law of deduction; formal character of deductive sciences 

*We consider any deductive theory based upon a system of 
primitive terms and axioms. In order to simplify our considera- 
tions, we assume that this theory presupposes logic only, that is, 
logic is the only theory preceding the given theory (cf. Section 36). 
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Let us imagine that in all the statements of our theory the primi- 
tive terms are replaced by suitable variables throughout (as in 
S ctio 37 and again for the sake of simplicity, we disregard 
leoreL cimtaining defined terms). The statements of the theory 
considered become sentential functions containing as free variables 
those svmbols by which the primitive terms had been rep aced 

Sol of our throb, or, to bo exact, the bid Zt t 

tained from these axioms in the manner just described (that is 

whether the names or designations of those things, w p 
the place of the free variables, render the sentential functions true 
sentences- of. Section 2). If it turns out that this is the case, we 
Ta 1 sav ’that the things under consideration form a model or a 
I Lzlofl THE SVSTEM of our doductivo thcory; we 

abo say somclimos that they form a model of the “ouctive 
theory itself In a quite analogous manner we can find out 
whether given things satisfy not only the axiom system but also 
anv other .system of statements of our theory and whether the 
fore, they form a model of this system (it is not excluded that the 

svst’em consists of a single statement). 

A model of the axiom system is formed, for instance by tho 

things which are denoted by the primitive terms of the given 

theol, since we assume that all axioms are ‘™e sentences; 

far as the construction of our theory is concerned, this model take 
no distinguished place among all the other mode s. en 
ducine: this or that theorem from the axioms, we do no 
Z speZ properties of this model, and we make use of only 

"roporties which are explicitly stated m ‘"e 
therefore, belong to every model of the axiom “y® ^ 

extended to every model of the axiom system J* * 

transformed into a much more general argument n„ l„nge2e_ 

tion we obtain a general logical statement (“^0 ^ ^ 

rem in question is satisfied by every model of our axiom system. 
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The final conclusion at which we arrive in this way can be put in 
the following form: 


Every theorem of a given deductive theory is satisfied by any model 
of the axiom system of this theory; and moreover, to every theorem 
there corresponds a general statement which can be formulated and 
proved within the framework of logic and which establishes the fact 
that the theorem in question is satisfied by any such model. 


We have here a general law from the domain of the methodology 

of deductive sciences which, when formulated in a slightly more 

precise way, is known as the law of deduction (or the deduction 
theorem). 2 


The tremendous practical importance of this law results from 
the fact that we are usually able to exhibit numerous models of the 
axiom system of a particular theory, even without leaving the 
field of the deductive sciences. In order to arrive at such a model 
It IS sufficient to select certain constants from some other deductive 
theory (which can be logic or a theory presupposing logic), to put 
them in the axioms m place of the primitive terms, and to show 
that the sentences obtained in this way are asserted statements 
of that other theory. We say in this case that we have found an 
interpretation of the axiom system of the original theory 

WITHIN THE OTHER THEORY. (It may, in particular, occur that 

the constants chosen belong to the theory originally considered, 
in which case some of the primitive terms may even have remained 
unchanged; the given axiom system is then said to have found a 
aew interpretation within the theory under consideration.) We 
shall also subject the theorems of the original theory to an anal- 
ogous transformation, replacing the primitive terms throughout 
oy those constants that had been employed in the interpretation 
if the axioms. On the basis of the law of deduction we can then 
le sure in advance that the sentences arrived at in this manner 

V statements of the new theory. We can forhiulate 

-Uis lii the following way: 


* This law was formulated by the author 

fostulate, and was later proved exactly for 
heories. 


as a general methodological 
various particular deductive 
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All theorems proved on the basis of a given axiom system remain 
valid for any interpretation of the system. 

It is redundant to give a special proof for any of these transformed 
theorems; it would in any case be a task of a purely mechanical 
nature, for it would be sufficient to transfer the corresponding 
argument from the field of the original theory and to subject it 
to the same transformations that had been carried out with 
respect to the axioms and theorems. Every proof within a de- 
ductive theory contains — potentially, so to speak, ^ an unlimited 
number of other analogous proofs. 

The facts described above demonstrate the great value of the 
deductive method from the point of view of economy of human 
thought. They are also of far-reaching theoretical importance, if 
only for this reason that they establish a foundation for various 
arguments and researches within the methodology of deductive 
sciences. In particular, the law of deduction is the theoretical 
basis for all so-called proofs by interpret.^tion ; we have already 
encountered one example of such proofs in the preceding section, 
and we shall meet with various other examples in the second part 

of this book. 

For reasons of exactness it may be added that the considera- 
tions sketched here are applicable to any deductive theory in 
whose construction logic is presupposed, whereas their application 
to logic itself brings about certain difficulties which we would 
rather not discuss here. If a deductive theory presupposes not 
only logic, but also other theories, some of the formulations given 
above assume a somewhat more complicated form. 

The common source of the methodological phenomena discussed 
here is the fact pointed out in the preceding section, namely that, 
in constructing a deductive theory, we disregard the meaning of 
the axioms and take into account only their form. It is for this 
reason that people when referring to those phenomena speak about 
the purely formal character of deductive sciences and of all 

reasonings within these sciences. 

From time to time one finds statements which emphasize the 

formal character of mathematics in a paradoxical and exaggerated 
way ; although fundamentally correct, these statements may become 
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a source of obscurity and confusion. Thus one hears and even 

i I— i " 1 ^ niay be ascribed to 

mathematical concepts; that in malhematics we do not really 

know what we are talking about, and that we are not intere.sted 
in whether our assertions are true. One sliould approach such 
judgments rather critically. If, i„ the construction of a theory 
one braves as if one did not understand the meaning of the 
terms of this discipline, this is not at all the same as denying those 
terms any meaning. It is, admittedly, sometimes the case thS 
we develop a deductive theory without ascribing a deflnite meaning 

abks ?nThis'''' ' "i"' as with vari 

R 1 fh a FORMAL 

STEM. But this IS a comparatively rare situation (not even 
en into account in our general characterization of deductive 
theories given m Section 36), and it occurs only if it is possible 

thatl' Til f"'- 'he axiom system of this theory, 

meaning to re T' 

desire to give preference in advance to any one of these ways A 

aTnilf in't”’ “Vp ‘o give 

LCdt P'-l^umabiy, be of interest to 

In conclusion we shall call attention to certain interesting ex 
amples of interpretations of mathematical disciplines which arp 
m^ more important than those given in Section 37.’ 

he axiom system of arithmetic may be interorelpd wi+L' 

su™Stionrb r dPfin" 

satisfy all the ar'ms - » d henfe “si XSe 7 “ T*" ^ 

numbers afd ^berT^f * Tr 

Stt ? h~o 

g ve a visual image of various facts in the field of arith- 
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metic,-a procedure known as the graphical method; on the other 
hand it is possible to investigate geometrical facts with the help 
of arithmetical or algebraical methods, -there is even a special 
branch of geometry, known as analytic geometry, which is con- 
cerned with all investigations of this type. 

Arithmetic, as we have seen previously, may be built up as a 

part of logic (cf. Section 26). But if we treat arithmetic as an 
independent deductive theory, resting upon its own system of 
primitive terms and axioms, its relation to logic can be describe 
as follows; arithmetic possesses an interpretation within logic 
(with the understanding that the axiom of infinity be included in 
lo ic __cf . Section 26) ; in other words, it is possible within logic 
to define such concepts as satisfy all the axioms, and hence also 
all the theorems, of arithmetic. If we remember that geometry 
has an interpretation m arithmetic we arnve at 

facts wh4 are exceedingly significant from the methodological 
point of view.* 

39. Selection of axioms and primitive terms; their independence 

We will now turn to the discussion of a few problems of a more 
special nature, which, however, concern fundamental components 
of the deductive method, namely the choice of the primitive terms 
and axioms as well as the construction of definitions and proofs. 

It is important to realize the fact that we have a large degree of 
freedom in the selection of the primitive terms and axioms, it 
would be quite erroneous to believe that certain expressions cannot 
be defined in any possible way, or that certain statenaents can, on 
princt^e not be pLed. Let us call two systems of sentences of 
a given theory equipollent, if each sentence of the first 

rems ot I preceding theories, and, conversely, if every sen te^ 

of the second system can be derived from the “ 

first (if any sentences occur in both systems they do no , of coume 
have to be derived). Let us imagine, further, that a eerta 

deductive theory has been built up on the basis of some 
system, and that in the course of its construction we come across 
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a system of statements equipollent in the sense just defined to the 
axiom system. (A concrete example can be obtained in connec- 
tion with the miniature theory of the congruence of segments 
discussed in Section 37: it is easy to show that its axiom system 
IS equipollent to the system of sentences consisting of Axiom I 
together with Theorems I and II.) If this kind of situation arises, 
then, from the theoretical point of view, it would be possible to 
reconstruct the entire theory in such a manner that the state- 
ments of the new system are taken as axioms, while the former 
axioms are proved as theorems. Even the circumstance that the 
new axioms may, at first, to a much lesser degree have the appear- 
ance of immediate evidence is inessential; for every sentence 
becomes evident to a certain degree, once it has been derived in a 
convincing manner from other evident sentences. All this applies 
±ev/ise—mutalis mutandis~to the primitive terms of a deductive 
theory; the system of these terms may be replaced by any other 
system of terms of the theory in question, provided only the two 
systems are equipollent in the sense that each term of the first 
system can be defined by means of terms of the second together 
with terms taken from the preceding theories, and vice versa It 

teZ «nH ", ® o' primitive 

terms and asioms in preference to any of the other possible eoui- 

S^evr^'Tb i'O'-e -practical, didac- 

tical, even esthetic ones. Sometimes it is a question of choosine 

may be desirable to get along with as few of them as possible 

enphl primitive terms and axioms as would 

able us, in the simplest possible way, to define those terms and 

espeSlfy fnLltt ^ ^ - - 

Another problem arises in close connection with these remarks 

doe“ nTtC ays “eh 

does not contain a single superfluous statement, that is a state- 

rereW remaining axioms and which 

herefore, might be counted among the theorems of the theory 

( a SYSTEM OF MUTUALLY INDEPENDENT AXIOMS). We 
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likewise attempt to see to it that the system of primitive terms is 
INDEPENDENT, that is, that it does not contain any superfluous 
term which can be defined by means of the others. Often, how- 
ever, one does not insist on thc.se rnethodological postulates for 
practical, didactical reasons, particularly in cases where the 
omission of a superfluous axiom or primitive term would bring 
about great complications in the construction of the theory. 

40. Formalization of definitions and proofs, formalized deductive 

theories 

The deductive method is justifiably considered the most perfect 
of all methods employed in the construction of sciences. It dis- 
poses to a large extent of the possibility of obscurities and errors, 
without resorting to an infinite regre.ss; and it is due to this method 
that any reasons for doubt as to the content of concepts or the 
truth of assertions of a given theory are considerably reduced and 
may hold at most for the few primitive terms and axioms. 

One reservation has to be added to this statement however. 
The application of the deductive method will give the desired 
results only if all the definitions and proofs fulfil their tasks com- 
pletely, that is, if the definitions make fully clear the meaning 
of all the terms to be defined and if the proofs convince us wholly 
of the validity of all the theorems to be proved. It is far from 
easy to examine w'hether the definitions and proofs actually com- 
ply with these requirements; it is quite possible, for instance, that 
an argument which seems entirely convincing to one person is not 
even comprehensible to another. In order to remove any cause 
for doubt in this respect, the present-day methodology endeavors 
to replace subjective valuations in the examination of definitions 
and proofs by criteria of an objective nature, and to make the 
decision as to the correctness of definitions or proofs dependent 
exclusively upon their structure, that is, their exterior form. For 
this purpose, special rules of definition and rules of proof 
(or OF inference) are stated. The first tell us what form the 
sentences should have which are used as definitions in the theory 
under consideration, and the second describe the kind of trans- 
formations to which statements of this theory may be subjected 
in order to derive other statements from them; each definition has 
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to be laid down in accordance with the rules of definition, and eact 
proof must be complete, that is, it must consist in a successh'e 
application of rules of proof to sentences previously recognized 
as true (cf. Sections 11 and 15) .-These new methodological postu- 
lates may be denoted as postulates of the formalization of 
FINITIONS AND PROOFS; a discipline constructed in accordance 

TeoryT' ^ formalized deductive 

^Through the postulates of formalization the formal character 
0 mathematics is enhanced considerably. Already at an earlier 
stage in the development of the deductive method we were in the 
construction of a mathematical discipline, supposed to disreglJd 

were to behave as if the places of these expressions we’re t^li 

by varmbles void of any independent meaning. But at least to 

meanings T t?' thei’r customary 

meanings In this connection, the axioms and theorems of a 

athematical discipline could be treated, if not as sentences then 

grammaUcaTfoT“1 '“"f “ '’‘Passions having the 

of tZafnf ! I ?■ P^Pfessing certain properties 

altogether diLrterv murr "' P™fa did not 

gi^r; dSbe TkT expressions encountered L the 

theory iTits lni ' 1“’'’ '»Patrueti„g a deductive 

content; each proof will noJ'o^rt rsZecr 

formatioL7 “ “ .'"‘an.al trans- 

’orm are due to Fmg'b whrhM°,dr*e''d '■"'ones in a formalized 

n the works of the ifte Polish l« formalization was achieved 

lefinition exhaustive formulation of th. r..L .r 
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In the light of modern requirements, logic becomes the basis 
of the mathematical sciences in a much more thorough sense t an 
it used to be. We may no longer be satisfied with the conviction 
that— due to our innate or acquired capacity for correct thinking— 
our argumentations are in accordance with the rules of logic. In 
order to give a complete proof of a theorem it is necessary to apply 
the transformations prescribed by the rules of proof not only to 
the statements of the theory with which we are concerned, but 
also to those of logic (and other preceding theories) ; and for this 
purpose we have to have a complete list of all logical laws at our 

disposal that are applied in the proofs. ^ , 

It is only by virtue of the development of deductive logic that, 

theoretically at least, we are today in a position to present every 
mathematical discipline in formalized form. In practice, how- 
ever this still involves considerable complications; a gam in ex- 
actitude and methodological correctness is accornpamed by a loss 
in clarity and intelligibility. The whole problem after all, is 
fairly new, the relevant investigations are not yet definitely con- 
cluded, and there is reason to hope that their further pursuance 
will eventually bring about essential simplifications It would 
therefore be premature to comply fully at the present ime m a 
popular presentation of any part of mathematics with the postu- 
lates of formalization. In particular, it would be far 
to demand that the proofs of theorems in an ordinary textboo 
some mathematical discipline be given in complete fo™ one 
should however, expect the author of a textbook to be intuitively 
certain that all his proofs can be brought into that form, and even 
to carry his considerations to a point from which a readei who 
has some practice in deductive thinking and sufficient knowledge 
of contemporary logic would be able to fill the remaining gaps 

without much difficulty. 

41. Consistency and completeness of a deductive theory; decision 

problem 

We shall now consider two methodological concepts which are 
of great importance from the theoretical point of view, while in 
practical respects they are of little significance. They are the 
concepts of consistency and of completeness. 
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A deductive theory is called consistent or non-contradictory 
if no two asserted statements of this theory contradict each other, 
or, in other words, if of any two contradictory sentences (cf. 
Section 7 ) at least one cannot be proved. A theory i.s called 
complete, on the other hand, if of any two contradictory sen- 
tences formulated exclusively in the terms of the theory under 
consideration (and the theories preceding it) at least one sentence 
can be proved in this theory. Of a .sentence which has the prop- 
erty that Its negation can be proved in a gi\-en theory, it is usually 
said that It can be disproved in that theory. In this terminology 
we can say that a deductive theory is consistent if no sentence 
can be both proved and dispro^•ed in it; a theory is complete, on 
the other hand, if every sentence formulated in the terms of this 
theory can be proved or disproved in it. Both terms “consistent” 

and complete” are applied, not only to the theory itself, but also 
to the axiom system upon which it is based. 

Let us imw try to get a clear idea of the import of these two 
notions. Every discipline, even one constructed entirely correctly 
in every methodological respect, loses its value in our eyes if we 
have reason to suspect that not all assertions of this discipline are 
true On the other hand, the value of a discipline will be the 
greater the larger the number of true sentences whose validity can 
be established m it. From this point of view, a discipline might 

,r„p f ’u “ its asserted statements all 

true sentences which are relevant to that theory, and not a single 

alsc one. A sentence is here considered relevant if it is formulated 

entirely in terms of the discipline under consideration (and its 

precedmg disciplines); after all, it cannot be expected that, s^ 

n arithmetic a I true sentences can be proved, even such as com 

^“00^* us now imagine that a 

deductive theory is inconsistent, that is to say, that two contra- 
dictory sentences occur among its axioms and theorems- from a 

Sec trial tTw' '“'I;. “nfadiction (cl. 

If, on the other hand, we assume the theory to be incomplete' 

an be proved in that discipline; and yet, by another logicarit 
. e., the law of excluded middle, one of the two sentences must be 
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true We see from this that a deductive theory certainly 

“ discipline must, ipso /nc(o, be a — " 
that is, that it must contain among its asserted statements 

‘"ir;:t 0^.11:'^;::^ we have 

ZZZbhlsm thfbasis oUhe aril's assumed, 
aheriiativo Tbl cmSste'ncy and 

one way onh , the con . J . affirmatively 

1 ™ 3;: atrthc imnXtVnl;; assures us that it can be 

deckled in at least one way. 

Closely coiiiiocted with the problem of 

n, ore geniwal, problem whic^ 

jilele theonc;'. It tl 1 ninthrid which would enable 

the given deductive theory, a j ^ontence formulated in 

US ,„ decide whether or not any 1 >" ” This 

— ^:,:inir r :::;r 

* Tlio import of tho problcm- 

niul ('spi'ciiilly of tho ooncop f , . \ on p. 120h who greatly stimu- 

was emphasiretl by IIii.heut (c . oi foumlations of mathomatics. 

inuwl many important invent, gat ,o.« " of late been made 

maUciauB and logicians. 



CONSISTENCY AND COMPLETENESS 



They are, as a rule, elementary theories of a simple logical struc- 
ture and a modest stock of concepts. An example is gii'en by 
sentential calculus, which has been discussed in Chapter II, pro- 
vided that it is considered as an independent theory and not as a 
part of logic (however, in applying the term “complete” to this 
theory, it is to be used in a slightly modified meaning). Perhaps 
the most interesting example of a consistent and complete theory 
is that supplied by elementary geometry; we have here in mind 

geometry limited to those confines wherein it has for centuries 
been taught in schools as a part of elementary mathematics, that 
is to say, a discipline in which the properties of various special 
kinds of geometrical figures such as lines, planes, triangles, circles 
are investigated, but in which the general concept of a geometrical 
configuration (a point set) does not occur.^ The situation changes 
essentially as soon as one goes over to such sciences as arithmetic 
or advanced geometry. Probably no one working in these 
sciences doubts their consistency; and yet, as has resulted from 
the latest methodological investigations, a strict proof of their 
consistency meets with great difficulties of a fundamental nature, 
ihe situation in regard to the problem of completeness is even 
worse; it turns out that arithmetic and advanced geometry are 
incomplete; for it has been possible to set up problems of a purely 
arithmetical or geometrical character that can be neither posi- 
tively nor negatively decided within these disciplines. It might 
be supposed that this fact is merely an outcome of the imperfection 
of the axiom systems and methods of proof at our disposal up to 
date, and that a suitable modification (for instance, an extension 
of the axiom system) may, in the future, yield complete systems 
Deeper investigations, however, have shown this conjecture to be 
erroneous: never will it be possible to build up a consistent and 

complete deductive theory containing as its theorems all true 
sentences of arithmetic or of advanced geometry. Moreover it 
turns out that the decision problem likewise does not admit of a 


completeness of sentential calculus (and thereby 

investigations concerned with compTet 

The proof of the completeness of elementary geometry originates with the 
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Intmn with respect to these disciplines; it is impossible 

between those sentences w roved All these results can 

ciplines and theories, and, in particular, 

be extended to many arithmetic of integers 

to all those which 

(i.e., the theory this theory. Thus, 

Lt:Lr theLtesults can he 

Xsrr:l*fit . u„derstandahle that t^ 

construction of deductive theories. 

42. The widened conception of the methodology of deductive 

sciences 

The investigations concerning “iTutn" 

were among the most methodological studies, 

considerable extension i rhanee in the whole character of 

and caused even a fundamental change m the wn 

the methodology of beginning of the present 

methodology which was 'indicated subject, 

chapter has, during t e is on ^ critical evaluation 

turned out to be too narrow. The deductive 

of methods applied in practice - task of 

sciences ceased to be the exc u deductive sciences be- 

methodology. The eoiences in an analogous sense 

of geometrical configurations. In ^^e sentences 

we investigate deductive symbols and expressions 

which constitute them ; we consi e ^^pgrties and sets of ex- 
of which these senteirces are composed, p P 

. These er.eed.„g.y te 

r" mr rv^d-JlT^hfe^oatemporary am 

A. Church. 
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pressions and sentences, relations holding among them (such as 

the consequence relation) and even lahations between expressions 

and the things which the expressions “talk about” (such as the 

relation of designation); we establish general laws concerning 
these concepts. 

Hence it follows that the terms which denote expressions oc- 
curring in deductive theories, properties of these expressions and 
relations among them belong, not to the domain of logic, but to 
the methodology of deductive sciences. This applies in particular 
to several of the terms introduced and employed in the previous 
chapters of this book, such as “variable", “senlential function", 
“quantifier", “consequence" and many others. In order to make 
clearer to ourselves the difference between logical and methodologi- 
cal terms, let us consider such a pair of words as “or" and “dis- 
junction". The word “or" belongs, of course, to logic— namely 
to sentential calculus—, although it is also used in all other sciences’ 
and thus m particular in methodology. The word “disjunction" 
on the other hand, which denotes sentences constructed with the 
help of the word “or”, is a typical instance of a methodological 

The reader will perhaps be surprised at the fact that in the 
chapters concerned with logic we employed so many methodologi- 
cal terms. The explanation of this, however, is relatively simple 
On the one hand, a certain circumstance here plays a role to which 
we have already called attention in Section 9 : there is a wide- 
spread custom among logicians as well as mathematicians— some- 
imes for purely stylistic reasons-of using phrases which contain 
methodological terms as synonyms for expressions of a purely 
lopcal or mathematical character; we have to some extent com- 
plied with this custom in the present work. But, on the other 

attempted in this book to construct logic in a systematic way, but 
have merely talked about logic and have discussed and commented 

thafl^r'^il' Section 18) 

talking about logical concepts we must use the names 

0^ belong to meth- 

dology. Should we develop logic in the form of a deductive 

theory, without makmg any comments on it at all, then meth- 
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odologioal terms would occur only in the formulation of rules of 
definition and inference.* 

In connection with the ^“'""Xntnew^lmS 

has passed there i„ "^his field. Methodology 

and more precise j ^ ^ych constitute its own subject 

has become like ^ discipline. In 

“ orthe extSed domain of investigations, the expression 

..the methodology of ^ZZl merely'nhe 

appropriate enough , ^ expression is now often 

term theoei ^ rncans about the same as 

been recently coming into use between the 

reZdry^rs^ 

language.’ 

Exercises 

1 The calculus of classes which was considered in Chapter IV 
cai- b^Lstructed as a ^atede^^^ 

r‘“‘'bol“'v-'A" “ <=" aad “ 

Setr 25 Is primiUve terms. We assume, further, the followmg 

nine axioms®: 

. Methodology of the de^ ,Jenty 

ent centers: Gottingen un syarsaw where S. Lesniewski and J. Luka- 
on p. 120) and P. 3 on p. 133 and footnote 2 

siEWicz, among others, worKca v 

on p. 19). , f^csentially due to Schroder (cf. foot- 

8 The axiom system given here is J ^^i^m systems for the 

calcuUis of classes were pulilishcd by t ^ important 

matician E. V. HnuTmoTON, to i" ”“l and malhe. 

contributions concerning the axiomal.e loundationa g 

matical theories. 



EXERCISES 


141 


Axiom I. 

KdK. 

Axiom II. 

If K d L and 

Axiom III, 

K U L d M i 

L dM. 

Axiom IV. 

M d K f ] L i: 

M dL. 

Axiom V. 

K f ] {L 1) M) C 

Axiom VI. 

KdV. 

Axiom VII. 

A CX. 

Axiom VIII. 

V dK\J K'. 

Axiom IX. 

Kf]K'd A. 


L d M, then K d M. 


K 


M and 


if, and only if, M d K and 


{KViL) U (X n M). 


From these axioms we may derive various theorems. Prove in 

particular, the following theorems (making use of the hints which 
follow them) : 

Theorem I. K \J K d K. 

Hint: In Axiom III replace “L” and “ilf” by “K”. \oticA 
that the right side of the equivalence thus obtained is satisfied by 

SeT left side must also be always 

Theorem II. K d K K. 


thaTS Ttaremt 


Theorem III. KdKU L and L d K L. 

thf L"ft sWe^'ofth/" “""I ‘-hat 

left side of the equivalence, by Axiom I, is always satisfied 

Theorem IV. K f\ L d K and K 0 L d L. 

Hint : The proof is analogous to that of Theorem III. 

Theorem y. K \J L dL [j K. 

Hint: In Axiom III substitute “L U K” for « 

“r wl-TheS 

K ere K IS to be replaced by “L”, and “L” by “K”). 
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Theorem VI. K H L C L 0 X. 

Hint: The proof based upon Axiom IV and Theorem IV .a 

analogous to that of Theorem V ^ ^ K m 

TnnonnMVII. If Iken K U L C K U M. 

Hint: Assuming that the hypothesis of the theorem is saUshed, 
derive the formulas; 


K 


K \J M and L CL K \J M 


(The first of these fh^CpotbSsIurTheorem 

^^^b^Arrir tn" Si « t^i — 

THKonEMVIII. U L<ZM, Ihm KnL<^K M. 

Hint: The proof is similar to that of the preeedmg theorem. 

THEonxM IX. K n i c K H ^ c K fl (t U M). 

Hint- In Theorem III replace “K” by "i” and “t” by “Jf”; 

to the formulas thus obtained apply Theorern . 

_ . . r ^ n ir\ V li (T, I ] 


(XOL) u (kom) cxncLU m). 


Theorem X. ^ - ' i 

Hint: This theorem can be derived from Axiom III and 

Theorem IX. . , 

TTT ri TV which play the most important role m th 
Axioms III and IV, w P Y , qp composition 

nroofs of the above theorems, are called law 
( for addition and multiplication of classes). 

defining it as follows. a T dK 

„onI. laTrthe-bo,; 

From the axioms and theorems 
definition derive the following theorems: 


Theorb. XI. K-K. Definition I and npl# 

Hint: Put “X’' in place of L m uenniw , 

Axiom I. 
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Theorem XII. If K = L, then L = K. 

Hint: In Definition I replace “K” by “L” and “//' by “A'”; 

compare the sentence thus obtained with Definition I in its 
original formulation. 

Theorem XIII. If K = L and L = M, then K = M. 

Hint: This theorem can be derived from Definition I and 
Axiom II. 

Theorem XIV. K U K = K. 

Hint: In Definition I replace “K” by “A U A” and “L” by 

“A”; apply Theorem I and Theorem III (with “A” put in nlace 
of “A”) 

Theorem XV. A fl A = A. 

Hint. The proof is analogous to that of the preceding theorem. 
Theorem XVI. A (J A = A U A. 

Hint: By Theorem V we have: 

^ U A C A U A and also A U A CZ A U A. 

To these formulas apply Definition I. 

Theorem XVII. A fl A = A 0 A. 

Hint: The proof is similar to that of Theorem XVI. 

Theorem XVIII. A fl (A (J Af) = (A 0 A) U (A fl M). 

Hmt: This theorem is a consequence of Definition I, Axiom V 
and Theorem X. 

Theorem XIX. A U A' = V. 

T theorem can be derived, with the help of Definition 

Mrom Axiom VI (with “A” replaced by “A U A"') and Axiom 

Theorem XX. A H A' = A. 

Hint: Apply Definition I, Axiom VII and Axiom IX. 
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Notice which of the axioms and theorems of this exercise and 
the preceding one are known to us from Chapter IV (or, possibly, 

III) ; recall their names. 

3 Let us assume that, into the system of the calculus of cla^s 

discussed in Esercises 1 and 2 we J.. 

denoting a certain relation between classes and defined as follows. 


K ^ L if, and only if, neither K 

X n L = A. 



L nor L C. K nor 


Is the relation defined in this way identical with any of the rela- 

tions defined in Section 24? Kv 

Let the relation of disjointness between cla^s 
the symbol “)(”• How can this symbol be defined within our 

system of the calculus of classes? 

4. Exhibit several interpretations within arithmetic and geo- 
metry of the axiom system considered in Section 37. 

I^he set of all numbers, together with the re at.on ftan 
among numbers, a model of this axiom system? Is the set of all 
straight lines and the relation of parallelism among lines such 

model? 

5. In that fragment of geometry which was discussed in Section 
37, the relation of being shorter among segments can be defined 

in the following way; 

TUc say that x is shorter than y, in symbols: x <y, ifxand y are 

segmmis and if x « congruml la a segment which a ^ 
other words, if xcS, yc S, and if there emte a e mck Itol 

z e S, Z c y, Z + y and x ^ z. 

Differentiate in this sentence between the definiendum and the 
definiens; determine the disciplines (or the parts of logic, as the 
case may be) to which the terms occurring m the definiens belong. 
Does this definition comply with the general methodological 
principles of Section 36 and the rules of definition of Section lit 

6. Is the proof of Theorem I, as given in Section 37, a 
proof, if only those rules of proof are taken into consideration that 

were stated in Section 15? 
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7. In addition to Theorems I and II, the following theorems 
can be derived from the axioms of Section 37: 


Theorem III. F or any elements x, y and z of the set S, if x 
and X ^ then y ^ z. 


y 


Theorem IV. For any elements x,yandzof the set S, if x 
and y •^z, then z ~ x. 


y 

un z ^ X. 

Theorem V. For any elements x, y, z and t of the set S, if 

z and z then x ~ t. 




y, y 


Give a strict proof that the following systems of sentences are 

equipollent, in the sense established in Section 39, to the system 

consisting of Axioms I and II (and that each might, therefore be 
chosen as a new axiom system) ; ^ 

(a) the system consisting of Axiom I and Theorems I and II; 

(b) the system consisting of Axiom I and Theorem III; 

(c) the system consisting of Axiom I and Theorem IV- 

• I 

(d) the system consisting of Axiom I and Theorems I and V. 

8. Along the lines of the remarks made in Section 37 formulate 
general laws of the theory of relations that represent a generaliza- 
tion of the results obtained in the preceding exercise. ^ 

Hint: These laws may, for instance, be given the form of 
equivalences, beginning with the words: 

for a relation Rtobe reflexive and to have the property P in 
a class K it is necessary and sufficient that . . . 

Exhibit 

(a) the first two sentences of the system, but not the last; 

(b) the first and third sentence, but not the second; 

(c) the last two sentences, but not the first. 

What conclusion may be drawn from the fact of the existence 
of such models with respect to the possibiUty of derivinir anv nne 
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of the three sentences from the others? Are these sentences 
mutually independent? (Cf. Sections 37 and 39.) 

10. There have occasionally been complaints to the effect that 
there is a certain discrepancy in the various textbooks of geome ry, 
inasmuch as sentences treated as theorems in some textbooks are 
adopted as axioms, and thus without proof, m others. Are these 

complaints justified? 

*11 In Section 13 we became acquainted with the method of 
truth 'tables, which enables us in any particular case to decide 
whether a given sentence of sentential calculus is true and wl^ther 
it may be, therefore, accepted as a law of this calculus. When 
applying this method, we may entirely forget about the moanmg 
Xh was ascribed to the symbols “T” and “F’’ occurring in the 
truth tables; we may assume that this method reduces to apply ng 
in the construction of sentential calculus, two rules the fii-st o 
which is close to the rules of definition and the second to the rules 
of proof. According to the first rule, if we want to introduce into 

sentential calculus a constant term, we must begin by eonstructing 
the fundamental truth table for the simplest-and at the same time 
the most general-sentential function containing this term. 

According to the second rule, if we want to accept a sentence (con- 
taining only those constants for which the fundamental ruth 

tables have already been constructed) as a law 
cuius, we must construct the derivative truth table for this sen- 
tence and verify that the symbol “F” never occurs in the last 

column of this table. . , , r 

Sentential calculus constructed exclusively by means of these 

two rules assumes a character close to that of formalized deductive 
theories. Justify this statement on the basis of the considerations 
of Section 40. Notice, however, some differences between this 
method of constructing sentential calculus and the general prin- 
ciples of constructing deductive theories, which were discussed in 
Section 36 With the method under consideration, is it pojibte 
to differentiate in sentential calculus between primitive and de- 
fined terms? What other distinction is lost hero? 

*12 Applying the method of truth tables as it was described in 
the preceding exercise, we may introduce into sentential calculus 
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new terms which were not discussed in Chapter II We can for 
fuSn- considering the sentential 


p Aq 

as an abbreviation of the expression : 

neither -p nor q. 

Construct the fundamental truth table for this function, which 

^ ""‘!'r "’onning ascribed to the symbol 

that’ ft, ^ ' '■'‘P derivative truth tables, 


(~ P) 


ip ^ P), 


(p V g) <-» [(p A g) A (p A g)], 
(P q) 


{[(p A p) A g] A [(p A p) A g]}. 
as a foiJaSpH a method of constructing sentential calculus 

^ compUes entirely with all the principles 


Axiom 

Axiom 

Axiom 

Axiom 

Axiom 

Axiom 

Axiom 


P (g p) 

[p -► (p ->■ g)] (p _ g) 

(P -► g) -»> [(g r) (p r)] 
(p «-> g) (p -> g) 

ip *-* Q ) iq p ) 

ip g) [{q p ) ( j , ^ g)J 
l(~ g) — > p)] _> (p _» g) 


agree to apply in proofs two rules 
th which we are already famUiar, namely the rules 


method 
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tion and of detachment. (In order to formulate these rules and 
especially the rule of substitution, quite exactly, we should have 
to establish the manner of using parentheses and to specify w ic 
expressions are to be considered as sentential functions m our 
calculus and may be therefore substituted for variables; this task 

pre.sents no great difficulty.) . 

^Vith the help of these rules of inference we are now in a pos - 

tion to deduce various theorems from our axioms. Give, in par- 
ticular, complete proofs for the following theorems (making use of 

the hints which follow them) : 


Theorem I. p-^p . .u * 

Hint: Substitute “p” for “q" in Axioms I and II; notice that 

the first sentence thus obtained coincides with the antecedent 

the second, and accordingly apply the rule of detachmen . 

Theorem II. p — > { (p — > 9 ) [(P _ 

Hint; In Axiom I substitute “ (p 9) lor ? ’ 

replace “p”, “9” and “r” by “(p-9)”. “P” and ‘9”; respec- 
tively. Notice that the consequent of the first implication us 
obtained coincides with the antecedent of the second, 
place, in Axiom III, “9” by the antecedent of tbe second ‘ ' 
tion and “r” by its consequent (leaving “p’ , which is 
eht of the first implication, unchanged). Then apply the rule 0 

detachment twice.-This proof is a typical ® 

based upon Axiom III, which is another form of the laNX of the 

hypothetical syllogism (cf. Section 12). 

Theorem III. p [(p 9) tt t?. 

Hint; The proof is analogous to that of Theorem I . ‘om 

Axiom 1 1 derive , by subst itution . the sentence ; 

{(p_^ 9 )_[(p-»g)-^ 9ll -»l(p-"9)-^9l- 
Compare the antecedent of this sentence with the con^quent of 
Theorem II; accordingly, perform a suitable substitution on 
Axiom III and apply the rule of detachment twice. 

Theorem IV. [p — ♦ (9 — > r)l — ► [9 (P 

Hint; From Axiom III derive, by substitution, the sentence: 

/ n f p — > (9 — » r)l — » 1 [(9 — ♦ r) — ♦ rl — ♦ (p — > r) ) . 

Furthermore, replace, in Axiom HI. “p”, ‘V’ 

antecedent of the implication thus derived can be obtained by 
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substitution from Theorem III. Perform this substitution and, 
by applying the rule of detachment, derive: 

(2) {[(? -^ r) r] — »■ (p -> r) i ^ [g (p r)]. 

Notice now that the consequent of ( 1 ) is the same as the antecedent 

of (2) ; and, accordingly, proceed as in the proof of Theorem II (by 

applying Axiom III again). — Theorem IV^ is called law of commu- 
tation. 


Theorem V. (~ p) — ♦ (p 

Hint: From Axiom I derive by substitution: 


p) — ♦ [(~ q) — » (~ p)j. 

Notice that the consequent of this sentence coincides with the 

antecedent of one of the axioms; and proceed as in the proof of 
Iheoremll. 

Theorem VI. p ^ [(^ p) g] 

Hint: Perform a substitution on Theorem IV such that the ante- 
cedent of the resulting implication will be Theorem V, and then 

apply the rule of detachment.-We have here a typical instance of 
reasoning based upon the law of commutation. 

Theorem VH. p)] (9 p) 

Hint: The proof is analogous to that of Theorem II 
Theorem V and Axiom VII derive the sentences : 

and f(~ g)] (5 p) 


From 


[ ~ p)) _ P, _ — W — PJ. 

Compare the antecedents and the consequents of these sentences. 
Theorem VIII. [ ~ p)] p 

HhR: Reasoning as in the proof of Theorem VI, d. 
from Theorems IV and VII, the sentence : 

in place of 

apply the rule of detachment. 

Theorem IX. p p)] 

rem Vllfsn^°”? on Axiom VII and 

^ III so M to be able to apply the rule of detachment. 

Theorem X. [• 


“g" 


and 


be obtained fmm Axiom VI and Then- 

and by applying the rule of detachment twice. VI 
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*14. If we are to be able to introduce defined terms into the 
system of sentential calculus described in the preceding exercise, 
we have to assume a rule of definition. According to this rule 
(cf. Section 11), every definition has the form of an equivalence. 
The definiendum is an expression containing, besides sentential 
variables, only one constant, namely the term to be defined j no 
symbol may occur in this expression twice. The definiens is an 
arbitrary sentential function containing exactly the same variables 
as the definiendum, and containing no constants except primitive 
terms and terms previously defined. Thus we may, for instance, 
accept the following definitions of the symbols “ V and “ A 

Definition L (p V g) <-> [(~ p) 

Definition II. (p A g) [('^ p) V g)]} 

From the above definitions and the axioms and theorems of 
Exercise 13 deduce the following theorems with the help of the 
rules of substitution and detachment; 

Theorem XI. [('^ p) (p V g) 

Hint: In Axiom V substitute "(p V g)” for “p" and “[(~p)-^gr 
for “g”; compare the sentence thus obtained with Definition 

I and apply the rule of detachment. 

Theorem XII. p V p) 

Hint: This theorem can be derived from Theorems XI and I 
by two applications of the rule of substitution and one application 

of the rule of detachment. 


Theorem XIII. p — > (p V g) 

Hint: The proof is based upon Axiom III and Theorems VI 
and XI, and is quite similar to that of Theorem II (the rule of 
substitution is applied to Axiom III only). 

Theorem XIV. (p A g) [(^ p) V g)]l 


Hint; The proof, which is based upon Axiom IV and Definition 
II, is analogous to that of Theorem XL 

Theorem XV. (p A g)]} — ^ p) V (~ q)]] 
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Hint: The proof is based upon Axiom III and Theorems VIII 
and XIV, and is similar to that of Theorem II. In Theorem VIII 
replace “p” by “(p A q)” and compare the consequent of the im- 
plication thus obtained with the antecedent of Theorem XIV. 


Theorem XVI. [(~ p) y g)] (p a g)] 

Hint: Perform a substitution on Axiom VII such that the 
antecedent of the resulting implication will be Theorem XV. 


Theorem XVII. (~ p) (p a g)J 


Hint: The proof is again analogous to that of Theorem II. 
Theorem XIII substitute “(~ p)” for “p” and “(~ g)” for 
compare the resulting sentence with Theorem XVI. 


In 


Theorem XVIII. 


(P A g) -> p 


Hint: Derive this theorem from Axiom VII and Theorem XVII. 

Notice which of the axioms and theorems of this exercise and 

II. ““'1 recall 


*15. Formulate a definition of the symbol “A” (cf. Exercise 121 

rtS r ■" Precelg exer; 

CISC, in the definiens there should occur two constants: and 


of tables that all the axioms 

proptfr/n eS!o” ■" 13 and 14 (and also the deanition 

deSmTot ^Wlying the rules of substitution and 

t^thUr " ^ 

. conversely every sentence of 

y equivalent. But this task is vastly more dilEcult.) 
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*17. One of the methods of constructing sentential calculus dis- 
cussed in Exercises 11 and 13-14 provides an immediate solution 
of the decision problem (cf. Section 41) for this calculus, and 
enables us to show very easily that sentential calculus is a con- 
sistent deductive theory. Which is this method, and how can 

this be shown? 

*18. One of the laws of sentential calculus is the following: 

Fot any p arid 5, if p o.nd not p, then g. 

On the basis of this logical law, establish the following meth- 
odological law: 

If the axiom system of any deductive theory which presupposes 
sentential calculus is inconsistent, then every sentence formulated in 
the terms of this theory can be derived from that system. 

♦19. It is known that the following methodological law holds: 

If the axiom system of a deductive theory is complete, and if any 
sentence which can be formulated but not proved within that theory 
is added to the system, then the axiom system extended in this manner 

15 no longer consistent. 

Why is this the case? 

•20. Single out all those terms appearing in Chapter II, which 
belong to the field of the methodolop of deductive sciences, ac- 
cording to the remarks made in Section 42. 


4 



SECOND PART 


APPLICATIONS OF LOGIC 
AND METHODOLOGY 

CONSTRUCTING MATHEMATICAL THEORIES 




VII • 


CONSTRUCTION OF A MATHEMATICAL 

THEORY: 

LAWS OF ORDER FOR NUMBERS 


43. Primitive terms of the theory under construction; axioms 

concerning fundamental relations among numbers 


With a certain amount of knowledge of the fields of logic and 

methodology at our disposal, we shall now undertake to lay the 

foundations of a particular and, incidentally, very elementary 

mathematical theory. This will be a good opportunity for us 

to assimilate better our previously acquired knowledge, and 
even to expand it to some extent. 


The theory with which we shall concern ourselves constitutes a 
fragment of the arithmetic of real numbers. It contains funda- 
mental theorems concerning the basic relations less than and 
greater than among numbers, as well as the basic operations on 
numbers, namely of addition and subtraction 
nothing but logic. 


It presupposes 




real number, 
is less than, 
is greater than. 


sum. 


AiL“ ™ "numher". 

tom ^ “> “"eider, instead of the 

tom number , the expression "the set of all numbers" as a primitive 
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term, which, for brevity, we will replace by the symbol “N”; thus, 
in order to express that x is a number, we write: 

X 6 N. 

We may, on the other hand, stipulate that the universe of dis- 
course of our theory consists of real numbers only and that vari- 
ables such as “x”, “y”, . ■ • stand exclusively for the names of 
numbers; in this case, the term “reai number” would be altogether 
dispensable in the formulations of statements of our theory, and 
the symbol “N” might, when needed, be replaced by “V” (cf. 

Section 23). 

The expressions “is less than” and “is greater than” are to be 
treated as if they were entities consisting of a single word each; 
they will be replaced by the briefer symbols “<” and “>”, 
respectively. Instead of “is not less than and is not greater 
than” we shall employ the usual symbols “ <” and Further, 

instead of “the sum of the numbers {the summands) x and y” or 
“the result of adding x and y” we shall use the customary notation: 

X y. 

Thus, the symbol “N” designates a certain set, the symbols “ < ” 
and “>” certain two-termed relations, and finally the symbol 
“-f” a certain binary operation. 

Among the axioms of the theory under consideration two groups 
may be distinguished. The axioms of the first group express 
fundamental properties of the relations less than and greater than, 
whereas those of the second are primarily concerned with addition. 
For the time being we shall consider the first group only; it con- 
sists, altogether, of five statements: 

Axiom 1. For any numbers x (Ifui y for arbitrary elements 
of the set N) we have: x = y or x < y or x > y. 

Axiom 2. If x < y, then y < x. 

Axiom 3. If x > y, then y > x. 

Axiom 4. If x < y and y < z , then x < z . 

Axiom 5. If x > y and y > z , then x > z . 





15 - 


The axioms listed here, just as any arithmetical theorem of i 
universal character stating that arbitrary numbers x, y, ... hav( 

such and such a property, should really begin with the words 
‘for any numbers x, y, ...” or ‘for any elements x, y, of ihi 

't 2/. • ■ . ” (if we agree that the vari- 

ables X , ‘y”, . . . here denote numbers only). But since we 

want to conform to the usage discussed in Section 3, we often 

oinit such a phrase and merely add it in our mind; this holds not 

only for the axioms but also for the theorems and definitions which 

will occur m the course of our considerations. Axiom 2 for in- 
st3<nc6, is inoftnt to bo road as follows i 

For any x and y (or for any elements x and y of the set N) if 
® < 2/, then «/ < a:. ’ 

We shall refer to Axiom 1 as the weak law op trichotomy 
(with the strong law of trichotomy we shall become acquainted 
later). Axioms 2-5 express the fact that the relations less than 
and greater than are asymmetrical and transitive (cf. Section 29) • 
accor mg y they are called the laws op asymmetry and laws op 
transitivity for the relations less than and greater than. The 

arTclllel them 

are called the laws op order por numbers. 

idlutv^ ‘“will h ^ t J ‘°siial relation of 

TioNs referred to as the fundamental rela- 

tions AMONG NUMBERS. 


Laws of irreflexivity for the fundamental relations ; indirect 

proofs 

Our next task consists in the derivation of a number of theorems 
from the axioms adopted by us. Since we do not aim ft HZ 
tematic presentation, in this and the following chapter only thL 
theorems will be stated which may serve to help U 

am concepts and facts of the fields of logic and methodology. 
Theorem 1 . No number is smaller than itself: x < x. 

false. Then there would 

be a number x satisfying the formula : 

( 1 ) 


X < X 
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Now Axiom 2 refers to arbitrary numbers x and y (which need 
not be distinct), so that it remains valid if in place of “y” we write 
the variable “x"; we then obtain: 

(2) if X < X, then a: < x. 

But from (1) and (2) it follows immediately that 

X < X] 

this consequence, however, forms an obvious contradiction to 
formula (1). We must, therefore, reject the original assumption 
and accept the theorem as proved. 

We shall now show how to transform this argument into a com- 
plete proof, using for clarity the logical symbolism (cf. Sections 
13 and 15). To this end we resort to the so-called law op re- 

DUCTio AD ABSURDUM of Sentential calculus: 

(I) [p P)] ^ p)‘ 

We further use Axiom 2 in the following symbolic form : 

(II) {x < y) [~ (y < x)] 

Our proof is based exclusively upon the sentences (I) and (II). 
First we apply the rule of substitution to (I), replacing “p” in it 
throughout by “(x < x)”: 

(III) {(x < x) (x < x)]} (x < x)] 

We next apply the rule of substitution to (II), replacing “j/” 
by “x”: 

(IV) (x < x) [~ (x < x)] 

Finally we observe that the sentence (IV) is the hypothesis of the 
conditional sentence (III), so that the rule of detachment may be 
applied. We are thus led to the formula: 

(V) ~ (x < x) 

which is the symbolic form of the theorem to be proved. 

* This law, together with a related one of the same name : 

[{~p) pi -» P. 

has been used in many intricate and historically important arguments in 
logic and mathematics. The Italian logician and mathematician G. 
Vailati (1863-1909) devoted a special monograph to its history. 
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The proof of Theorem 1 represents an example of what is called 

an INDIRECT PROOF, also known as a proof by reductio ad ab- 

SURDUM. Proofs of this kind may quite generally be characterized 

as follows, in order to prove a theorem, we assume the theorem 

to be false, and derive from that certain consequences which 

compel us to reject the original assumption. Indirect proofs are 

very common in mathematics. They do not all fall under the 

schema of the proof of Theorem 1, however; on the contrary, the 

latter represents a comparatively rare form of indirect proof,’ and 

we shall meet with more typical examples of indirect proofs 
further below. 


axiom system adopted by us is perfectly symmetrical with 
respect to the two symbols and “>”. To every theorem 
concerning the relation less than, we therefore automatically ob- 
ain the corresponding theorem concerning the relation greater 
than, the proofs being entirely analogous, so that the proof of the 
second theorem may be omitted altogether, 
responding to Theorem 1 we have: 


In particular, cor- 


X ^ X. 


Theorem 2. No number is greater than itself: 

WhUe the relation of identity = , as we know from logic, is re- 
tove. Theorems 1 and 2 show that the other two fundamental 

relations among numbers, < and >, are irreflexive; these theorems 

to i t ""I"® (for the relations 

tess than and greater than). 

46. Further theorems on the fundamental relations 
We shall next prove the following theorem: 

Theorem Z. x > y if, and only if, y < x. 

Proof. It has to be shown that the formulas : 

^ ^ y and y X 


( 1 ) 


Suppose, first, that 


y < X. 
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By Axiom 1 we must have at least one of the three cases; 


( 2 ) 

If we had x 


X 


y 


X 


< y or X > y 


XI we i.aei ^ = y, we could, by virtue of the fundamental law of 
the theory of identity, i.e. Leibniz’s law (cf. Section 17), replace 
the variable “x” by “?/” in formula (1); the resulting formula: 


y 


y 


constitutes an obvious contradiction to Theorem 1. Hence we 

Lave : 


(3) 

But we also have: 

(4) 


X ^ y 


X < y 


since, by Axiom 2, the formulas; 


X 



y 


and 


y 




y 


cannot hold simultaneously. On account of (2), (3) and (4), we 
find that the third case must apply : 

(5) 

We thus have shown that the formula (5) is implied by the formula 
(!)• conversely, the implication in the opposite direction can be 
established by an analogous procedure. The two formulas are, 

therefore, indeed equivalent, q.e.d.* 

Using the terminology of the calculus of relations SecUon 
28), we may say that, according to Theorem 3, each of the re 

tions < and > is the converse of the other. 


Theorem 4. If x ^ y, x < y or y < x. 


Proof. Since 


X ^ y, 


Axiom 



y 


or 



y; 


the second of these formulas implies, by Theorem 3 


y < 

• The letters ••q.e.d." ere the ouetomary 
-quod erat demoSetrandum'*, meaning “whioh was to be proved . 
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Hence we have: 


X < y or y < X, 
Analogously we can prove 


q.e.d. 


Theokem 5. If X ^ y, 


then X > y or y > x. 


By Theorems 4 and 5 the relations < and > are connected; 
accordingly these theorems are known as the laws of connexity 
(for the relations less than and greater than) . Axioms 2-5, together 
with Theorems 4 and 5, show that the set of numbers N is ordered 
by either of the relations < and > . 


Theorem 6. Any numbers x and y satisfy one, and only one, 
of the three formulas: x = y, x < y and x > y. 

Proof. It follows from Axiom 1 that at least one of the for- 
mulas stated must be satisfied. In order to prove that the 
formulas : 


X = y and x > y 

exclude each other, we proceed as in the proof of Theorem 3; 

we replace in the second of these formulas “x” by “t/” and arrive 

at a contradiction to Theorem 1. Similarly it can be shown that 
the formulas: 

X = y and x > y 

exclude each other. And finally, the two formulas: 

X < y and x > y 

cannot hold simultaneously, because, by Theorem 3, we would 
then have: 


X < y and y < x, 

in contradiction to Axiom 2. Hence, any numbers x and y satisfy 
one and no more of the three formulas in question, q.e.d. 



given 



will call the strong law op trichotomy, or 
p TRICHOTOMY j according to this law, one and. 
iree fundamental relatiohs holds between any 


Using the phrase either 


or 


}> z 


in the 
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meaning proposed in Section 7, we can formulate Theore 
more concise manner: 


6 in a 


For any numbers x and y we have either x = y or x < y 


nr X '> y 


46. Other relations among numbers 


Apart from the fundamental relations, three other relations play 
an important part in arithmetic. One of these is the logical rela- 
tion of diversity 4= which we know already; the other are the 

relations ^ and ^ which will be discussed now. 

The meaning of the symbol “ ^ ” is explained by the following 

definition : 

Definition L We say that x^y if ^ and only if ^ x — y or 
X < y. 


The formula: 


X ^ y 


is to be read: “x is less than or equal to y" or “x is at most equal 
to y”. 

Although the content of the definition as stated appears to be 
clear, experience shows that in practical applications it some- 
times becomes the source of certain misunderstandings, o®™® 
people who believe they understand the meaning of the s^bol 
“ < ” perfectly well protest nevertheless against its application to 
definite numbers. They do not only reject a formula like: 

1 ^ 0 

as obviously false— and this rightly so—, but they also consider 
as meaningless or even false such formulas as: 

0^0 or 0^1; 

for they maintain that there is no sense in saying that 0 ^ 0 or 
that 0^1 since it is known that 0 = 0 and 0 <1. In ot^ 
words, it is not possible to exhibit a single pair of numbers whiqhj 

in their opinion, satisfies the formula: , 
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This view is palpably mistaken. Just because 0 < 1 holds, it 
follows that the sentence: 

0=1 or 0 < 1 

is true, for the disjunction of two sentences is certainly true pro- 
vided one of them is true (cf. Section 7); but according to Defini- 
tion 1 this disjunction is equivalent to the formula: 

0 ^ 1 . 

For a quite analogous reason the formula: 

0^0 

is also true. 

The source of these misunderstandings, presumably, lies in 
certain habits of everyday life (*to which we have already called 
attention at the end of Section 7*). In ordinary language it is 
customary to assert the disjunction of two sentences only if we 
know that one of the sentences is true without knowing which. 
It does not occur to us to say that 0 = 1 or 0 <1, though this 
is undoubtedly true, since we can say something that is simpler 
and at the same time logically stronger, namely, that 0 < 1. 
In mathematical considerations, however, it is not always ad- 
vantageous to state everything that we know in its strongest 
possible form. For example, we sometimes assert of a quadrangle 
merely that it is a parallelogram, although we know it to be a 
square, and this because we may want to apply a general theorem 
concerning arbitrary parallelograms. For similar reasons it may 
occur that it is known of a number x (for instance, of the number 

0) that It is less than 1, and yet it may merely be asserted that 
a? ^ 1, that is, that either x — 1 or x < 1. 

We will now state two theorems concerning the relation ^ . 
Theorem 7. x ^ y if, and only if, x > 

Proof. This theorem is an immediate consequence of Theo- 
rem 6, i.e. the law of trichotomy. In fact, if 

X ^ y 

and hence, by Definition 1, 

( 2 ) 


X ~ y or X < y, 
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x> y, 


it is impossible for the formula: 

X > y 

to hold. Conversely, if 

(3) . . . ^ 

we must have (2) and hence, again by Definition 1, formula (1) 
must hold. The formulas (1) and (3) are thus equivalent, q.e.d. 

In the terminology of Section 28, Theorem 7 states that the 

relation g is the negation of the relation >. , , , , 

On account of its structure, Theorem 7 might be looked upon 
as the definition of the symbol it would be a different one 

from that adopted here but equivalent to it. The statement of 
this theorem may also contribute to dispel any last doubts about 
the usage of the symbol “ g”; for nobody will hesitate any longer 

to recognize as true such formulas as: 

0^0 and 0^1 

in view of the fact that they are equivalent to the formulas: 

0 > 0 and 0 > 1. 

If we wished, we could avoid the use of the symbol com- 
pletely, by always employing “>” instead. 


Theorem 8. x < y if, O'^d only if, x ^ y 
Proof. If 


and x^y. 


( 1 ) 

then, by Definition 1, 

( 2 ) 


X <y. 


X ^ y 


trichotomy^ 


X = y , ^ 

cannot hold. Conversely, if formula (2) holds, then by Defini- 
tion 1 we obtain: 




^3) X < y or X 

but if, at the ^e time, we have; 

9! V. 


y; 


t « 


• > • 


i .4 • 


V 
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we have to accept the first part of the disjunction (3), that is, 

formula (1). The implication therefore holds in both directions, 
q.e.d. 

A number of other theorems concerning the relation ^ we shall 
pass over; among them, there are, in particular, theorems to the 
effect that this relation is reflexive and transitive. The proofs 
of none of these theorems afford any difficulties. 

The definition of the symbol is entirely analogous to 

Definition 1; and from the theorems concerning the relation ^ 
we automatically obtain corresponding theorems concerning the 
relation ^ by merely replacing the symbols and “>” 

throughout by the symbols “>” and 

Formulas of the form: 




if 


in which the places of "x” and “y” may be taken by constants, 
variables or compound expressions denoting numbers are usually 
called EQUATIONS. Similar formulas of the form: 


X 


< y or X > y 


are called inequalities (in the narrower sense); among the 

inequalities in the wider sense we have, in addition, formulas 
of the form : 


X ^ y, X % y or X ^ y. 

The ej^ressions occurring on the left and right sides of the sym- 

ols - , “ and so on, in these formulas are referred to as the 
left and right sides of the equation or OP THE inequality. 


Exercises 

1 . Consider two relations among men : that of being of a smaller 
stature and that of being of a larger stature. What condition 

® satisfied by an arbitrary set of people, so that it together 

2. Let the formula: 


X © y 
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express the fact that the numbers x and y satisfy one of the 
following conditions: (i) the number x has a smaller absolute 
value than the number y, or (ii) if the absolute values of x and y 
are the same, x is negative and y is positive. Further, let the 

formula: 

X ® y 

have the same meaning as the formula: 

y © X. 

Show, on the basis of arithmetic, that the set of all numbers 
and the'relations © and @ just defined constitute a model of the 

first group of axioms. ^ 

Give other examples of interpretations of these axioms within 

arithmetic and geometry. 

3. From Theorem 1 derive the following theorem. 

if X < Vy then x 4= y. 

Conversely, derive Theorem 1 from the theorem just stated, 
without making use of any other arithmetical statements. Are 
these two inferences indirect and do they fall under the schema 
of the proof of Theorem 1 of Section 44? 

4. Generalize the proof of Theorem 1 of Section 44, and thereby 
establish the following general law of the theory of relations 

(cf . remarks made in Section 37) : 

every relation R which is asymmetrical in the class K is aUo 
irreflexive in that class, 

5. Show that, if Theorem 1 is adopted as a new axiom, the old 
Axiom 2 can be derived as a theorem from this axiom together 

with Axiom 4. , , „ • 

As a generalization of this argument, prove the following gen- 
eral law of the theory of relations: 

every relation R which is irreflexive and transitive in the doss K 
is also asymmetrical in that class. 

*6. At the end of Section 44 we tried to explain why the proof 
of Theorem 2 may be omitted. These remarks represent ^ 
application of certain general considerations of Chapter VI. Ex- 
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plain this in detail, and, in particular, specify the consideratio: 
to which this refers. 

7. Derive the following theorems from the first group of axiom 
{a) X = y if, and only if, x < y and y < x) 

(b) if X < y, then x < z or z < y. 

8. Derive the following theorems from Axiom 4 and Defin 
tion 1: 


(a) if X < y and y ^ z, then x < 2; 

(b) if X ^ y and y < z, then x < z] 

(c) if X ^ y, y < z and z ^ t, then x < t. 

9. Show that the relations ^ and ^ are reflexive, transits 
and connected. Are these relations symmetrical or asymmetrical 

10. Show that, between any two numbers, exactly three of th 
following six relations hold: =, <, >, 41, ^ and 


11. Both the converse and the negation of any of the relation 

hsted in the preceding exercise are again among these six relations 
Show in detail that this is the case. 


*12. Between which of the relations given in Exercise 10 doe 
the relation of inclusion hold? What will be the sum, the produc 
and the relative product of any pair among these relations? 

Hint: Recall the terms explained in Section 28. Do not omi 
to consider pairs consisting of two equal relations, and remembe 
that the relative product may depend upon the order of the factor: 

u ^ Chapter V). Altogether 36 pairs of relation: 

should be examined. 
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CONSTRUCTION OF A MATHEMATICAL 

THEORY: 

LAWS OF ADDITION AND SUBTRACTION 

47. Axioms concerning addition; general properties of operations, 

concepts of a group and of an Abelian group 

We now turn to the second group of axioms, which consists of 
the following six sentences: 

Axiom 6. For any numbers y and z there exists a number x such 

that X = y + z; in other words: if y e N and z e N, then 

also y -h z e N. 

Axiom 7. x y = y + x. 

Axiom 8. x {y z) = {x + y) -\- z. 

Axiom 9. For any numbers x and y there exists a number z such 

that X = y z. 

Axiom 10. If y < z, then x + y < x z. 

Axiom 11. If y > z, i^^n x + y > x + z. 

For the moment let us concentrate on the first four sentences 
of this second group, that is. Axioms 6-9. They scribe to the 
operation of addition a number of simple properties which are 
also frequently met when considering other operations m various 

parts of logic and mathematics. 

Special terms have been introduced to designate these prop- 
erties. Thus we say that the operation 0 is performablb in tot 
CLASS K or that the class K is closed under the operation 0, 
if the performance of the operation 0 on any two elemente of the 
class K results again in an element of that same class; m other 
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words, if, for any two elements y and 2 of the class A', there exists 
an element x of this class such that 

X = y 0 z. 

The operation 0 is called commutative in the class A, if the 
result of this operation is independent of the order of the elements 
of the class K on which it is carried out, or, in other words, if for 
any two elements x and y of the class we have: 

xOy = yOx. 

The operation 0 is associative in the class A, if the result is 
independent of the way in which the elements are grouped to- 
gether, or, more precisely, if for any three elements x, y and 2 of 
the class the condition: 

xO {y 0 z) = {xO y) 0 z 

is satisfied. The operation 0 is said to be right-invertible or 

left-invertible in the class a, if, for any two elements x and y 

of the cl&ss A, there always exists an element 2 of the class such 
that 


X = y 0 z or x = zO y, 

respectively, holds. An operation 0 which is both right- and 
left-invertible is simply called invertible in the class A. It 
follows at once that a commutative operation which is right- or 
left-invertible must be invertible. We shall now say that a class 
A IS a GROUP with respect to the operation 0, if this operation 
IS performable, associative and invertible in A; if, moreover the 
operation 0 is commutative, the class A is called an Abelian 
group with respect to the operation 0. The concept of a 
poup and, m particular, that of an Abelian group, forms the sub- 
ject of a special mathematical discipline known as the theory op 
GROUPS, which has already been mentioned above in Chapter V.> 


concept was introduced into mathematics by the French 
mathematician E. Galois (1811-1832). The term “Abelian group” was 
sen in honor of the Norwegian mathematician N. H. Abel (18(»-1829) 

Sics k Jt! f^r-reaching importance of the group concept for mathe- 

wedan d particularly since the works of another Nor- 

wegian mathematician, S. Lie (1842-1899). 
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In case the class K is the universal class (or the universe of 
di'^course of the theory considered— cf. Section 23), we usua y 
omit the reference to this class when employing such terms as 

“porformable", “commutative”, and so on. 

In accordance with the terminology introduced above, the 
Axioms 6-9 are referred to as the u.\w of perform.vbility, the 

COMMUTATIVE l.AW, the ASSOCIATIVE L.AW and the L.^w OF RIGHT 

invertibilitv for the operation of addition, respectively; together 
they state that the set of all numbers constitutes an Abelian 

group with respect to addition. 

48. Commutative and associative laws for a larger number of 

summands 

Axiom 7 the commutative law, and Axiom 8, the associative 
law ' in the form in which they have been stated here refer to two 
mid three numbers, respectively. But there are infinitely many 
other commutative and associative laws concerning more than 

two or three numbers. The formula: 

X + {ij + z) = y + (2 + •^)> 

for instance, constitutes an example of a commutative law for 
three summands, and the formula. 

X + [y + {- + »)1 = + y) + + « 

represents one of the associative laws for four summands. In 
addition, there are theorems of a mixed character which genial y 
expivssed, assert that any changes in either the order or the 
cri.uping of the summands arc without influence upon the result 
of tlie addition. By way of an example the following theorem 

may be stated. 


Theoukm 0. 


X + (y + 2) = (X + Z) + y. 


Buoof. By suitable substitutions we obtain from Axioms 7 
and 8; 


CD 

( 2 ) 


z + y = y + 

I + (z + y) = + z) + y- 
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In view of (1) we may, in accordance with Leibniz’s law, replace 
2 + 2 / in (2) by 2 / + 2 ; the result is the desired formula; 

{y + z) = {x-\- z) +y. 

In a similar manner we can derive all commutative and asso- 
ciaUve laws concerning an arbitrary number of summands from 
Axioms 7 and 8 together, possibly, with Axiom 6. These theo- 
rems are often used in practice in the transformation of algebraic 
expressions. By a transformation of an expression denoting a 
number we mean, as usual, an alteration of such a kind as to lead 
to an expression denoting the same number, which may hence be 
joined with the original expression by the identity sign; the ex- 
pressions most frequently subjected to transformations of this 
kmd are those which contain variables and which, therefore are 
designatory functions. On the basis of the commutative 'and 

associative laws we are in a position to transform any expressions 
of a form such as : 

^ + iy z), X + [y + {z u)], , 

that is expressions consisting of numerical constants and variables 

in any such ex- 

pression we may interchange at will both the numerical symbols 
and the parentheses (provided only the resulting expression has 

pwenSs) of the transposition of the 


49. Laws of monotony for addition and their converses 

the so-called 

tZ Z "““TT ^ relations less 

operation oTs generally, that the binary 

^ monotonic in the class K with respect to the 


implies : 


yRz 

{xOy)R{xO z), 
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which means that the result of performing the operation 0 on x 
Ind V Z tL relation R to the result of performing the operation 
0 on X and z. (In the case of non-commutative operations one 
V, m soeakine differentiate between right and left 

being denoted an right monotony. 

The operation of addition is monotonic not only with respect 
toihe relations less than and greater than-f. consequence of Axioms 

nLbers discussed in Section 46. We shall show this here only 
the relation of identity*. 

Theorem 10. // J/ = z. x y = x + z. 

Proof. The sum x + y, whose existence is ^aranteed by 

Axiom 6, is equal to itself (by Law II of Section 17) . 

In view ot the hypothesis of the theorem. ?? 

right side of this equation may be replaced by the variable , 

and we obtain the desired formula: 

j. y = I + z. 

The converse of Theorem 10 is also true; 

Theorem 11. // i + y = x + 2. y = z. 

We shall sketeh two proofs of this theorem here. The firs^ 

based upon the law of 

TtCr^i' :S'is e!:« more involved, hut does not 
make use of anything except Axioms 7 9. 

First proof. Suppose the theorem in qu^rton were fstee. 
Then there would be numbers i, y and s such th 

X + y = * + « 


y + *• 


( 1 ) 

and yet 
( 2 ) 

a- 4 - « and X + « are numbers (according to Axiom 6), they 

to 1^: of WoUmy. sstisty only on. of to —i 
X + y “ * + *» 


x + y <x + » and x + y>* + ** 
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Since, by (1), the first holds, the others are automatically elimi- 
nated. We therefore have: 


(3) X -[■ y < X -{■ z and x + y > x -f z. 

By 8'Pplying the law of trichotomy once more, we can, on the 
other hand, infer from the inequality (2) that 


y < z or y ■> z. 

Hence, by Axioms 10 and 11, 

(4) X y < X + z or x + y > x + z, 

which represents an obvious contradiction to (3). The supposi- 
tion is thus refuted, and the theorem must be considered proved. 

*Second proof. Apply Axiom 9, with “x” and “ 2 ” replaced 

by “y” and “m”, respectively. It follows that there exists a 
number u fulfilling the formula: 


Since, by Axiom 7, 


y = y + u. 


y + U = u y, 


we have, on account of the transitivity of the relation of identity 
(cf. Law IV of Section 17) : 


( 1 ) 


y = u + y. 


Now apply Axiom 9 again, with “x” and “ 2 ” replaced by “ 2 ” and 

V , respectively; we thereby obtain a number v satisfying the 
equation; ^ ^ 


( 2 ) 


Z = y i- V. 


On account of (1), we may here replace the variable “y” by the 
expression “u -f y”: ^ 

z = (u y) V. 

Further, by the associative law, i.e. Axiom 8, we have: 

^ + (y v) = (u + y) -f 

so that, by applying Law V of Section 17, we arrive at: 

2 = M + (y -f i;). 
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On account of (2), we may here replace “y + v” by “z” (using 
Leibniz’s law), so that we finally obtain: 


(3) 


u z. 


Applying Axiom 9 for the third time, this time with x , y 

“x” and “w'\ respectively, we obtain 


and “2” replaced by “u , 
a number ic for which 


u = X + la 


holds, and since 


X -\- w = w + X, 


we have: 


(4) M = la + x. 

Using (4) we obtain the following formula from (1): 

y = (rc 4 - x) + 2/; 

but since, by the associative law, we have: 

uj + (x + 2/) = (tc + x) + 2/, 

this formula becomes: 

(5) y = w + {x + y). 

In view of the hypothesis of the theorem to be proved, we may 
replace “x + y” in (5) by “x + 2”, which leads to: 

(6) y = u; + (x + 2). 

Applying again the associative law, we have: 

u) 4- (x + 2) = (ti> + x) + 2, 


so that (6) becomes: 

y = 4-'x) 4- z. 

On account of ( 4 ), we may here replace “w + x” by “u”. 
this way we obtain: 



y =z u z. 


But from equations ( 7 ) and ( 3 ) it follows that 



I 


q.e.d." 



CONVERSES OF LAWS OF MONOTONY 


175 


A few remarks concerning the first proof of Theorem 1 1 mav l)e 
inserted here. Like the proof of Theorem 1, it constitutes an 
example of an indirect inference. The schema of this proof may 
be represented as follows. In order to prove a certain sentence, 
say “p”, we suppose the sentence to be false, that is we assume 
the sentence “not p”. From this assumption a consequence “q” 
is derived; that is to say, we demonstrate the implication: 


if not p, then q 


(in the case under consideration, the con.sequence “q” is the con- 
junction of the conditions (3) and (4) which appear in tlie proof). 
On the other hand, however, we are able to show (either on the 
basis of general laws of logic, as in the case under consideration, 
or by some theorems previously proved within the mathematical 
discipline in which all these arguments are carried out), that the 
consequence obtained is false, that is, that “not q” holds; thereby 
we are compelled to give up the original assumption, and thus to 
accept the sentence “p” as true. If this argument were set down 
in the form of a complete proof, a logical law would play an essen- 
tial part in it, which is a variant of the law of contraposition 
known from Section 14, and which reads as follows: 


From: if not p, then q, it follows that: if not q, then p. 

The proof under consideration differs slightly from that of 
Theorem 1. There, from the assumption that the theorem is 
false, we inferred that the theorem is true, that is, we derived a 
consequence directly contradicting the assumption ; here, however, 
we derived from a similar assumption a consequence of which we 
knew from other sources that it was false. But this difference is 
not an essential one; it can easily be seen on the basis of logical 
laws that the proof of Theorem 1— like any other indirect mode 
of inference— can be brought under the schema sketched above. 


Like Theorem 10, the other laws of 
10 and 11, also admit of conversion: 


monotony, that is. Axioms 


TheoeemK. is x + y<x + z, Ihm y < t. 

Theoeem 13. If x + y>x + z, then y > z. 
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The proof of these theorems can without difficulty be obtained 
along the lines of the proof of Theorem 1. 

60. Closed systems of sentences 

There exists a general logical law the knowledge of which con- 
siderably simplifies the proofs of the last three theorems (11, 12 
and 13). This law, sometimes called the law of closed systems 
or Hauber’s l.\w^, permits us in some cases, when we have suc- 
ceeded in proving several conditional sentences, to infer from 
the form of these sentences that the corresponding converse sen- 
tences may be also considered as proved. 

Suppose we are given a number of implications, say three, to 

which we will give the following schematic form; 


if 

Pi . 

then 

9i ; 

if 

P2 , 

then 

92 ; 

if 

P3 , 

then 

93 • 


These three sentences are said to form a closed system, if their 
antecedents are of such a kind as to exhaust all possible cases, 

that is, if is true that: 

Pi or p2 or pz , 

and if, at the same time, their consequents exclude one another: 
if qi , then not qz ; if qt , then not qz ; if 92 , then not qz . 

The law of closed systems asserts that if certain conditional sen- 
tences forming a closed system are true, then the corresponding 

converse sentences are also true. . , r e 

The simplest example of a closed system is given in the form 01 a 

system of two sentences, consisting of some implication; 

if Pt then q, 

and its inverse sentence: 

if not p, then not q. 

» After the name of the German mathematician K. F. Haubbr (1775- 
1851). 
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In order to demonstrate the two converse sentences in this case, 
it is not even necessary to resort to the law of closed systems; it is 
sufficient to apply the laws of contraposition. 

Theorem 10 and Axioms 10 and 11 form a closed system of 
three sentences. This is a consequence of the law of trichotomy; 
since between any two numbers we have exactly one of the rela- 
tions = , < and >, we see that the hypotheses of these three 
sentences, that is, the formulas; 

y = y < z, y > z, 

exhaust all possible cases, while their conclusions, that is, the 
formulas : 

= x-\- z, x + y <x z, x + y > x ^ z, 

exclude one another. (The law of trichotomy implies even more, 
which however is irrelevant for our purpose, namely, that the 
first three formulas do not only exhaust all possible cases but also 
exclude each other, and that the last three formulas do not only 
exclude each other but also exhaust all possible cases.) For the 
mere reason that the three statements form a closed system it is 
true that the converse theorems 11-13 must hold. 

Numerous examples of closed systems can be found in elemen- 
tary geometry ; for instance, when examining the relative position 

of two circles, we have to deal with a closed system consisting of 
five sentences. 

In conclusion it may be remarked that anyone who does not 

mow the law of closed systems but tries to prove the converses of 

statements forming a system of this kind may mechanically apply 

.he same mode of inference which we employed in the first proof 
)f Theorem 11. 

61. Consequences of the laws of monotony 
Theorems 10 and 11 may be combined into one sentence: 

V = z if, and only if, x y = x z. 

“■'d 11 with Theorems 

i and 13. The theorems thus obtained may be denoted as the 
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LAWS OF EQUIVALENT TRANSFORMATION OF EQUATIONS «- 

equalities by means of addition. The content of these them 
remsYs sometimes described as follows: if the same number is 
added to both sides of an equation or inequality, without 

numbers). The theorems mentioned here play an important role 
in the solution of equations and inequalities. 

We will derive one more consequence from the theorems of 

monotony : 

Theorem 14. If a; + z < 2/ + «. x < y or 

Proof. Suppose the conclusion of the theorem is false; in ot^v 
A X smaller than y nor is z smaller than t. Fro 

Uhs it follows by the law of trichotomy that one of the two 

formulas : 

X = y or X 



t. 



y 


and also one of the two formulas : 

z = t or z 


> t 


must hold 
bilities : 

( 1 ) 


We thus have to discuss the following four possi- 



( 2 ) 

( 3 ) 

( 4 ) 

Let us begin by considering the first case. 
(1) are valid, we obtain, by Theorem 


X 

= y 

and 

z 

X 

= y 

and 

z 

X 

> y 

and 

z 

X 

> y 

and 

z 



t, 

t, 

t, 

L 


If the two equations 



X 



y 


according 


X 



z X and 


+ y = y + 
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we may infer, by a twofold application of the law of transitivity 
for the relation of identity ; 

( 5 ) X z = y z. 

If now we apply Theorem 10 to the second of the equations (1), 
we obtain : 

(6) y z = y ^ 

which, together with (5), yields: 

X + z = y + l. 

By an entirely analogous inference— applying Axioms 4, 5, 10 

and 11— any of the three remaining cases (2), (3) and (4) lead to 
the mequality: 

X + z > y t. 

One of the formulas (7) or (8) must therefore hold in any case. 
But since a: + 2 and y + f are numbers (Axiom 6), it follows by 
the law of trichotomy that the formula: 


X z < y t 


cannot hold. 

Thus, by assuming the conclusion to be false, we have arrived 
at an immediate contradiction to the hypothesis of the theorem. 
Ihe assumption is therefore to be refuted, and we see that the 
conclusion does indeed follow from the hypothesis. 


The argument just conducted is counted among the indirect 
proofs; apart from an inessential modi6cation, it could be brought 
under the schema sketched in Section 49 in connection with the 
hrat proof of Theorem 11. Formally considered, however, the 
procedure of the argument is slightly different from the one fol- 

Theorems 1 and 11. The inference has 
the following schema. In order to prove a sentence of the form 
01 an implication, say, the sentence; 


if p, then g, 


we assume the conclusion of the sentence, that is, “g”, to be 
false (and not the whole sentence) ; from this assumptiol that is. 
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from “not q”, it is inferred that the hypothesis is false, that is, 
that “not v” holds. In other words, instead of demonstrating the 
sentence in question, a proof of the corresponding contrapositive 

sentence: 

if not g, then not p 

is given, and from this the validity of the original sentence is in- 
ferred. The basis for an inference of this kind is to be found in a 
law of sentential calculus to the effect that the truth of the contra- 
positive sentence always implies that of the original sentence (cf. 

Section 14). _ 

Inferences of this form are very common in all mathematical 

disciplines; they constitute the most usual type of indirect proof. 


62. Definition of subtraction ; inverse operations 


Our next task is to show how the notion of subtraction can be 
introduced into our considerations. With this aim in mind, we 
shall first prove the following theorem : 

Theorem 15. For any two numbers y and z there is exactly one 
number x such that y — z x. 


Proof. Axiom 9 guarantees the existence of at least one num- 
ber X satisfying the formula: 


y = z + X. 

We have to show that there is no more than one such number; in 
other words, that any two numbers u and v satisfying this formula 

are identical. Let, therefore, 


y = z u and y = z + v. 

This implies at once (by the laws of symmetry and transitivity 
for the relation =): 


z + u = z + V, 

from which, by Theorem 11, we obtain: 



There is, thus, exactly one number x (cf. Section 20) for which,.', 

y =s z + X, ’ 



IDENTITY SIGN IN DEFINIENDUM 


181 


This unique number x, of which the above theorem treats, is 
designated by the symbol: 


y - z; 

we read it, as usual, “the difference of the numbers x and xj" or 
“the result of subtracting the number z from the number xj”. The 
precise definition of the notion of difference is as follows; 

Definition 2. We say that x = y - z if, and only if, 

y = zff X. 

An operation I is called a right inverse of the operation 0 

IN THE CLASS K if these two operations 0 and I fulfil the following 

condition : 

for any elements x, y and z of the class K, we have: x = y I z 
if, and only if, y = zOx. 

The analogous concept of a left inverse of the operation 0 
is defined similarly. If the operation 0 is commutative in the 
class K, its two inverses— the right and the left— coincide, and we 
can then simply speak of the inverse of the operation 0 (or, 
also, of the inverse operation of 0). In accordance with this 
terminology. Definition 2 expresses the fact that subtraction is the 
right inverse (or, simply, the inverse) of addition. 


63. Definitions whose definiendum contains the identity sign 

♦Definition 2 exemplifies a kind of definition very common in 
mathematics. These definitions stipulate the meaning of a sym- 
bol designating either a single thing or an operation on a certain 
number of things (m other words, a function with a certain number 

of ar^ments) In every definition of this kind, the definiendum 
nas the form of an equation: 


• ' * I 

on the right side of this equation, we have the symbol itself which 
was to be defined or else a designatory function constructed out 
of the symbol to be defined and certain variables 
according as the symbol in question designates a single tnmg or an 
operafon on things. The definiens may be a sententW 


“z“ 
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of any form, which contains the same free variables as the defi- 
niendum, and which states that the thing i-together possibly 
with the things y, z, . . .-satisfies such and such a condition - 
Definition 2 establishes the meaning of a symbol which denotes 
an operation on two numbers. To give a different examp e o 
this type of definition, let us state the definition of the symbol 

“0” which designates a single number: 

we say that x = 0 if, and only if, for any number y, the for- 
mula: 2/ + = 2/ holds. 

A certain danger is connected with definitions of the type under 
consideration; for if one does not proceed with sufficient caution 
in laying down such definitions, one can easily find onese f con- 
fronted with a contradiction. A concrete example will make this 

Let us leave, for the moment, our present investigations, a,nd 
assume that in arithmetic we have already the symbol of multi- 
plication at our disposal and that, with its help, we want to define 
the symbol of division. For this purpose we proceed to lay down 
the following definition, which is modelled precisely after Defi- 
nition 2: 

we say that x = y:z if, and only if, y = 

If now, in this definition, we replace both “j/” and “z” by ‘‘0”, 
and “X” first by “I” and then by “2”, and if we observe that we 

have the formulas: 

0 = 0*1 and 0 = 0-2, 


we obtain at once: 


1 = 0:0 and 2 = 0:0. 

But since two things equal to the same thing are equal to each 
other, we arrive at : 


which is obviously nonsense. 

It is not hard to exhibit the reMon for this 

in Definition 2 and in the definition, of the 
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here, the definiens has the form of a sentential function with three 
free variables “x”, “y” and “z”. To each such sentential func- 
tion there corresponds a three-termed relation holding between 
the numbers x, y and z if, and only if, these numbers satisfy that 
sentential function (cf. Section 27); and it is just the aim of the 
definition to introduce a symbol designating this relation. But if 
one gives the definiendum the form: 


X = y — z or X = y:z, 

one assumes in advance that this relation is functional (and hence 
an operation, or a function, cf. Section 34), and that therefore, 
to any two numbers y and z, there is at most one number x standing 
to them in the relation in question. The fact that the relation is 
functional, however, is not at all evident from the beginning, and 
it must first be established. This we did in the case of Defini- 
tion 2; but we failed to do so in the case of the definition of the 
quotient, and we would indeed have been unable to do so, simply 
because the relation in question ceases to be functional in a certain 
exceptional case: for, if 

y = 0 and z = 0, 

there exist infinitely many numbers x for which 


y = z-x. 


K, therefore, one wants to formulate the definition of the quotient 

in the above form without introducing contradictions, one has to 

take care that the case is excluded where both numbers y and z 

are 0, ^for mstance, by inserting an additional condition in the 
definiens. 


^ 

The above considerations lead us to the following conclusion. 
Every definition of the type of Definition 2 should be preceded by a 
theorem corresponding exactly to Theorem 15, that is to say, a 
theorem to the effect that there is but one number x which satisfies 
the definiens. (The question arises whether it is relevant if there 
is exactly one number x, or whether it is sufficient that there is at 
most one such number; A discussion of this rather difficult 



t > 
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64. Theorei 


• I 



on subtraction 


On the basis of Definition 2 and the laws of addition we can 
without difficulty prove the fundamental theorems of the theory 
of subtraction, such as the law of performability, the laws of 
monotony, and the laws of equivalent transformation of equations 
and inequalities by means of subtraction. Those theorems also 
belong here which make possible the transformation of so-called 
algebraic sums, that is, of expressions consisting of numerica 
constants and variables, separated by “+” and signs as well 
as parentheses (the latter often being omitted in accordance with 
special rules to this effect). The following theorem may serve as 
an example of the last-named category. 

Theorem 16. x {y z) — {x y) z. 

Proof. To y and z, according to Axiom 9, there corresponds a 
number u such that 



y = 2 -t- u; 


this implies, by Definition 2, 


2. 


(2) ^ = y 

From the commutative law we have: 

X + 2/ = y + 

On account of (1), “y” may here be replaced by “2 -f w” on tb 
right side, so that we obtain. 

(3) 


X + y = + w) + X. 


From Theorem 9, on the other hand, it follows that; 


(4) 


2 -j- (x -b w) = (2 -b w) + aJ. 


But since two numbers equal to the same number are equal t 
each other, we can infer from (3) and (4); 


(5) 


a; -b y = 2 -b + w)* 


Now, since i + n and i + V are numbers ™ 

substitute "I + «” and + y" for "x" and y m Definition 
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(5) shows that the definiens is then satisfied, and hence tlie defi- 
niendum must also hold: 

X + U — (x + t/) — 2. 

If now, in view of (2), we replace “u” by "y — z" in this last 
equation, we finally arrive at: 

X + {y — z) = (x + 7/) — 2, q.e.d. 

Having gotten this far, we now terminate the construction of 
our fragment of arithmetic. 


Exercises 


1. Consider the following three systems, each consisting of a 
certain set, two relations and one operation: 

(a) the set of all numbers, the relations ^ and ^ , the operation 
of addition; 


(b) the set of all numbers, the relations < and > , the operation 
of multiplication; 


(c) the set of all positive numbers, the relations < and > , the 
operation of multiplication. 

Determine which of these systems are models of the system of 
Axioms 1-11 (cf. Section 37). 

2. Consider an arbitrary straight line, to which we will refer as 
the number line; let the points on this line be denoted by the 
letters “X”, “F”, “Z”, .... On the number line we choose a 
fixed initial point O and a unit point U distinct from O. Now 
let X and Y be any two distinct points on our line. We consider 
the two half-lines, one beginning at O and going through U, the 
other beginning at X and going through Y. We shall say that 
the point X precedes the point Y, in symbols: 


X ® Y, 

if, and only if, either the two half-lines are identical or one of them 
^no matter which — is a part of the other. In the same situation 
we sh^ also my that the point Y succeeds the point X, written : 






1 • 


K © X. 
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The point Z is called the sum of the points X and Y if it fulfils 
the following conditions; (i) the segment OX is congruent to the 
segment YZ] (ii) if 0 © X, then Y ® Z, but if 0 @ X, then 
Y © Z. The sum of the points X and Y is denoted by: 

X © F. 

Show by means of the theorems of geometry that the set of all 
points of the number line (that is, more simply, the number line 
itself), the relations © and ©, and the operation ©, together 
form a model of the axiom system adopted by us, and that, there- 
fore, this system has an interpretation within geometry. 

3. Let us consider four operations A, B, G and L which like 
addition— correlate a third number with any two numbers. As 
the result of the operation A on the numbers x and y we always 
consider the number x, and as the result of the operation B 

the number y: 

xAy = x, xBy = y. 

By the symbols “x G y” and “xLy” we denote that of the two 
numbers x and y which is not less than or not greater than the 
other, respectively; we thus have: 

xG y = X and xLy = y in case that x ^ y; 
xG y = y and xLy = x in case that x ^ y. 

Which of the properties discussed in Section 47 belong to these 
four operations? Is the set of all numbers a group and, in par- 
ticular, an Abelian group with respect to any of these operations? 

4. Let C be the class of all point sets, that is, of all geometrical 
configurations. Are the addition and multiplication of sets (as 
defined in Section 25) pcrformable, commutative, associative and 
invertible in the class C? Is, therefore, the class C a group and, 
in particular, an Abelian group with respect to any of these 

operations? 

6. Show that the set of all numbers is not an Abelian group 
with respect to multiplication, but that every one of the following 
sots is an Abelian group with respect to that operation: 
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(a) the set of all numbers different from 0; 

(b) the set of all positive numbers; 

(c) the set consisting of the two numbers 1 and —1. 

6. Consider the set S consisting of the two numbers 0 and 1, 
and let the operation © on the elements of this set be defined by 
the following formulas; 


0 © 0 = 1 © 1 = 0 , 

0©1 = 1©0 = 1 . 

Determine whether the set S is an Abelian group with respect to 
the operation ©. 

7. Consider the set S consisting of the three numbers 0, 1 

and 2. Define an operation © on the elements of this set, so 

that the set S will be an Abelian group with respect to this 
operation. 

8. Prove that no set consisting of two or three different numbers 

can be an Abelian group with respect to addition. Is there a set 

consisting of one single number that forms an Abelian group with 
respect to addition? 

9. Derive the following theorems from Axioms 6-8; 

(a) X + (y -+- *) — (* + x) + y; 

(b) X + [y + (z -f. i)] = (f + y) + (x -I- z). 

10. How many expressions can be obtained from each of these 
expressions : 


+ (y + s), X + [y + (a 4- 01, x + [y + [z + {t + m)]} 

if they are transformed solely on the basis of Axioms 6-8? 

11. Formulate the general definition of left monotony of an 
operation O with respect to a relation R. 

“n the basis of the axioms adopted by us and the theorems 

from them, prove that addition is a monotonic operation 
with respect to the relations sjs, g and 




ISS 


LAWS OF ADDITION AND SUBTRACTION 


13. D multiplication a monotonic operation with respect to the 

■elation.s < and > 

(a) in the set of all numbers, 

(b) in the set of all positive numbers, 

(c) in the set of all negative numbers? 

l-I. Which of the operations defined in Exercise 3 are monotonic 
with respect to the relations =, <, >, ^ and 

15. Are i he addition and multiplication of classes monotonic with 
respect to the relation of inclusion? Or with respect to any of 
the other relation^ among classc's discussed in Section 24? 

If). Derive from our axioms the following theorem; 

if X < ij oiul : < (, (hen x z < ij t. 

Replace in this .'Sentence the .'Symbol “<” in turn by 


ti ” . » ^ ’ 


ainl and examine whether the sentences 

obtained in this way are true. 

17. Give ('xampU's of closed systems of sentences within arith- 
metic and geometry. 

IS. Derive the following tlieorems from our axioms: 

(a) if j- + -r - // -h y, Ihi-n x = //; 


(b) if X + X < y + y, thru x 




(c) if / -t- .r > y + y, then x > y. 

Hint: Prove tlu' converse .sentenees first (using the results of 
Exercise U)), and show that they form a closed system. 

*10. If a theorem is derivable from Axioms 6-9 alone, it can 
be (‘xtended to arbitrary Abelian groups, since every class K 
wind) forms an .Ma'lian group with respect to an operation 0 
(•(institutes, together with tl(is operation, a model of Axioms 6 9 
(ef. Sections 37 and 3S). 'Phis applies, in particular, to Theorem 
11 (in view of the .second proof of this theoretn'), and we have the 
following general group-theoretical tlu'orem: 
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every class K which is an A belian group with respect to the opera- 
tion O satisfies the following condition : 

if X€ K, y € K, ze K and xOy ~ x O z, then y = z. 
Give a strict proof of this theorem. 

Show, on the other hand, that Theorem (a) of Exercise 18 
cannot be extended to arbitrary Abelian groups, by exhibiting an 
example of a class K and an operation O with these properties ■ 
(i) the class K is an Abelian group with respect to the operation O, 
and (ii) there exist two distinct elements x and y of the class K 
for which xOx = yOy (cf. Exercise 6). Consequently, is it 
possible to derive Theorem (a) from Axioms 6-9 alone? 

20. Transform the proof of Theorem 14 in such a manner that 

it conforms to the schema sketched in Section 49 in connection 
with the first proof of Theorem 11. 

21. May the operation of division be said to be the inverse of 
multiplication in the set of all numbers? 

V 

22. Do the operations mentioned in Exercises 3 and 4 possess 

mverses (m the set of all numbers, or in the class of all geometrical 
configurations) ? 

23. What operations are the left and the right inverses of sub- 
traction (in the set of all numbers)? 

24. In Section 53, the definition of the symbol “0" was stated 

by way of an example. In order to be certain that this definition 

does not lead to a contradiction, it should be preceded by the 
loUowing theorem: 

ih^e extsts exactly one number x such that, for any number v 
we have: y A- x = y. 

Prove this theorem on the basis of Axioms 6-9 alone. 

25. Formulate the sentences which assert that subtraction is 
perfonnable, commutative, associative, right-' and left-invertible 
^ righ^ and left-monotonic with respect to the relation less thari. 
Which of these sentences are true? Prove those for which this 
IS the case, usmg our axioms and Definition 2 of Section 52. 
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26. Derive the following theorems from our axioms and Defi- 
nition 2: 

(a) X - {y + z) ^ {x ~ y) - z, 

(b) X - {y — z) = {x - y) + z, 

(c) X y = X - [{x - rj) - x], 

*27. Using the law of performability for subtraction and Theo- 
rem (c) of the preceding exercise, prove the following theorem: 

jor a set K of numbers to be an Abelian group with respect to 
addition, it is necessary and sufficient that the difference of any two 
numbers of the set K also belongs to the set K (i.e. that the formulas 

xiK and y e K always imply x — y e K). 

Use this theorem in order to find examples of sets of numbers 
that are Abelian groups with respect to addition. 

28. Write in logical symbolism all axioms, definitions and theo- 
rems given in the last two chapters. 

Hint: Before formulating Theorem 15 in symbols, put it in an 
equivalent form in which the numerical quantifiers have been 
eliminated by virtue of the explanations given in Section 20. 
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METHODOLOGICAL CONSIDERATIONS 

ON THE CONSTRUCTED THEORY 

66. Elimination of superfluous axioms in the original axiom 

system 

The two preceding chapters were devoted to an outline of the 
oundations of an elementary mathematical theory which consti- 
tutes a fragment of arithmetic. In the present chapter we shall 

methodological nature, concern- 

thtiy is bale”. 

of 'slction W®!." examples illustrating the remarks 

selectLi a • arbitrariness in the 

slerZus ax ^ “n P""'‘“''" ‘"■'P'"’ P°==*'e omission of 

superfluous axioms, and so on, 

I-hIh Z|''hr-''fl"K‘' “'r' whether our system of Axioms 

1 It Will briefly be referred to as System 21 — oossiblvcontninc 

any superfluous axioms, that is, axioms which can be derived from 

U LTv to an? once that ” 

fact we have: ' affirmatively. In 

AxilZZw f ». one oj the Axiome 4 or 5 

reJPm^:^,oZ."^ der,oe, from tk^ 

Proof. We show first that 

(I) either of the Axioms 4 or 5 can 6e derived from the other 

with the help of Axioms 1-3. 
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[n fact, we observe that the proof of Theorem 3 was based ex- 
dusively'-whether directly or indirectly— upon Axioms 1-3. 
[f, on the other hand, we already have Theorem 3 at our disposal, 
we may derive Axiom 5 from Axiom 4 (or vice versa) by the follow- 
ing mode of inference: 

If 

X > y and y > z, 

then, by Theorem 3, 

y < X and z < y, 

hence, by applying Axiom 4 (with “x” having been replaced by 
“z”, and “z” by “x”), we obtain: 

2 < X, 

which, again by Theorem 3, implies. 

X > 2, 

and this is the conclusion of Axiom 5. 

Similarly it can be shown that: 

(II) either of the Axioms 10 or 11 can be derived from the 

other with the help of Axioms 1-3. 

Finally, we have: 

(III) Axiom 6 can be derived from Axioms 7-9. 

*The proof of this latter assertion is not quite simple and 
resembles the second proof of Theorem 11. Two arbitrary 
numbers x and y are given ; by a fourfold application of Axiom 9, 
four new numbers u, w, z, and v are introduced one by one, satis- 
fying the following formulas: 

y = y + u, 

u = X -j- to, 

y = w A- z, 

z = v + w. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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From (1) we have, by the commutative law, 

y = u y\ 

combining this equation with (4) and arguing as in the case of the 
proof of Theorem 11, we obtain, by the associative law, 

(5) z ~ w + z. 

From (5) and (2) we obtain : 

z = (x + w) + 2 , 

and hence, again by the associative law, 

z = X -f- (wj -f- 2 ) 
which, in view of (3), yields: 

(®) z = X + y. 

We have thus shown that, for any two numbers x and y, there 

exists a number 2 for which (6) holds; and this is just the content of 
Axiom 6. 


It might be added that the mode of inference sketched above 

applies, not only to addition, but — in accordance with the general 

remarks of Sections 37 and 38 — also to any other operation; an 

operation O which is commutative, associative and right-invertible 

in a class K is also performable in that class, and the class K, 

therefore, forms an Abelian group with respect to the operation 6 
(cf. Section 47).* 


We have seen now that System 2t contains at least three axioms 

which are superfluous and may therefore be omitted, Conse- 

quently , System 21 may be replaced by the system consisting of 
the following eight axioms: 


Axiom 1<». For any numbers x and y we have: 

X < y or X > y. 


y or 


Axiom 2«), If x < y, then y < x. 

Axiom 3 If x > y, then y > x. 

Axiom 4t«. If x<y and y < z, then x < z. 

% 


9 


4 


X 
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Axiom 5^^^ x + 2 / — 2/ + 2 :. 

Axiom 6'^’. x + (y + 2 ) = + 2 /) + 2 . 

Axiom For any numbers x and y there exists a riumber z 

such that X = y + z- 

Axiom 8'^^. If y < ^, ihen x + y < x + z. 

We shall refer to this axiom system as System 51 and we now 
have the following result: 

Systems 51 and 51 are equipollent. 

In comparison with the original system, the new simplified 
axiom system has certain shortcomings, both from the esthetic 

and the didactical points of view. It 
with respect to the two primitive symbols < and > > 
properties of the relation < being accepted without proof, whde 
quite analogous properties of the relation > have first to be 
Lmonstrated. Also, in the new system. Axiom 6 is missing 
which was of a very elementary and intuitively evident character, 
while its derivation from the axioms contained m System 51 

offers some difficulties. 

66, Independence of the axionis of the simplified system 

The question now arises whether there are any further super- 
fluous axioms contained in System a<'>. It will turn out that this 

is not the case: 

51 is a system of mutually independent axioms. 

In order to establish the methodological statement just formu- 
lated, we employ the method of proof by interpretation, which has 

already been used in a particular case in Section 37. 

We are to show that no axiom of System 51 < is derivable from 
the remaining axioms of this system. Let us consider for example 

Axiom 2 Suppose we replace the symbol < m the axioms o 

System 51 throughout by without altering 

any other way. As a result of this transtomation no axmm 

with the exception of Axiom 2'‘>, loses its validity ; m fact, Axio ^ 
r\/i\ P' \ ^(1) QlTl/>0 i.npv Hn not contain the symuoi v j 
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are left unaltered, and Axioms 1 4^^^ and 8^^^ go over into certain 

arithmetical theorems whose proofs on the basis of System 21 or 
21^^^ and the Definition 1 of the symbol (cf. Section 46) 

present no difficulties. It may, therefore, be asserted that the 
set N of all numbers, the relations ^ and > , and the operation of 
addition form a model of the Axioms 1^^^ and the system 

of these seven axioms has thus found a new interpretation within 
arithmetic. On the other hand, it can be seen at once that the 
sentence resulting from Axiom 2^^^ by the transformation is false, 
for its negation can easily be proved in arithmetic; the formula; 


X ^ y 


does not always exclude: 


y ^ X 


for there are numbers x and y simultaneously satisfying the two 
inequalities: 

X ^ y and y ^ x 

(this, of course, is the case if, and only if, x and y are equal). If, 
therefore, one believes in the consistency of arithmetic (cf. Section 
41), one has to accept the fact that the sentence obtained from 
Axiom 2^^^ is not a theorem of this discipline. And from this it 
follows that Axiom 2^^^ is not derivable from the remaining axioms 
of System 21^^^; for otherwise this axiom could not fail to be valid 
in the case of any interpretation in which the other axioms hold 
(cf. analogous considerations in Section 37). 

By using the same method of reasoning but by appl3dng other, 
suitable interpretations, we can obtain the same result for any of 
the other axioms. 

*In general, the method of proof by interpretation can be 
described as follows. It is a question of showing that some sen- 
tence A is not a consequence of a certain system ® of axioms or 
othej statements of a given deductive theory. For this purpose, 
we consider an arbitrary deductive theory 21 of which we assume 
tl^tAt is consistent (it may, in particular, be the same theory to 

L%-st0emenits of ithe system © belong). We then try to 

£ui intei^retation of the intern © of such a 
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kind that not the sentence A itself but its negation becomes a 
theorem (or possibly an axiom) of the theory X. If we are suc- 
cessful in doing so, we may apply the law of deduction stated in 
Section 38. As we know, it follows from this law that, if the 
sentence A could be derived from the statements of the system 
it would remain valid for any interpretation of this system. 
Consequently, the very fact of the existence of an interpretation of 
© for which A is not valid is a proof that this sentence cannot be 
derived from the system ©. More strictly speaking, it is a proof 
of the conditional sentence: 

if the theory X is consistent, then the sentence A cannot he 
derived from the statements of the system ©. 

The reason why we must include the hypothesis that the theory X is 
consistent is easily seen. For otherwise the theory X could con- 
tain two contradictory sentences among its axioms and theorems, 
and we could not conclude that T did not contain the sentence A 
(or rather the interpretation of A), from the mere fact that did 
contain the negation of A; thus our argument would no longer be 

valid. 

In order to arrive, in the above way, at an exhaustive proof of 
the independence of a given axiom system, the method described 
has to be applied as many times as there are axioms in the system 
in question; each axiom in turn is taken as the sentence A, while © 
consists of the remaining axioms of the system.* 


67. Elimination of superfluous primitive terms and subsequent 

simplification of the axiom system; concept of 

an ordered Abelian group 

We return once more to the axiom system Since this 

system is independent, it does not permit of any further simplifica- 
tion by the omission of superfluous axioms. Nevertheless, a 
simplification can be achieved in a different way. For it turns 
out that the primitive terms of System 21^^^ are not mutually 
independent. In fact, either one of the two symbols “<” and 
“>” may be stricken from the list of primitive terms, and then it 
can be defined in terms of the other. This is easily seen from 
Theorem 3; on account of its form, this theorem may be con- 
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sidered as a definition of the symbol " > ” by means of the symbol 
< , and if in this theorem we exchange the two sides of the 
equivalence, we may look upon it as a definition of the symbol “ < " 
by means of the symbol (In either case it is desirable to 

Fmmt ''dr;- Section 110 

From the didactical point of view, this reduction of the primitive 

terms and 

> are equally clear in their meaning and the relations denoted 
y them possess entirely analogous properties, so that it would 
appear slightly artificial to consider one of these terms immediately 
comprehensAle while the other has first to be defined with the 
elp of the first. But these objections carry little conviction. 

If now, in disregard of any didactical considerations, we resolve 
to I minate one of the symbols in question from the lit of p imT 

“d r ert::' ^ystem a forin 

populate by the way, wl” 'hS ^a^iiceX-trtegS: 
the helTof defined ‘t ^’ formulated with 

See) ThU ? uT “ “'em simplicity and 

replace in the . difficulties; we simply 

replace in the axiom system !<■. every formula of the type: 


3y the formula; 


X > y 


v^hich, by Theorem 3, is equivalent fn if if • 
hat Axiom 1 may be replac^bv tL ? r '' 
em 4, since each follow^ frol L otW on 

simple substitution of Axiom 2 and ^ ^ 

Itogether. In this way we arrive it the TT 

>Ilowing seven axioms ^ ^ consisting of the 


Axiom F®. 

Axiom2«>. 

Axiom 3 


■f/ + y, then x < y or y x. 

If X < y, then y < X. 

If x<y and y <z^ then x<z 
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Axiom 4'^L x + y — y + 

Axiom 5'«. x + {y + z) ^ {x + y) + 

Axiom 6'2>. For any numbers x and y there exists a number z 
such that X = y + z. 

Axiom 7«). If y < z, then x + y < x + z. 

This axiom system, called System »>”. is thus equipollent to 
either of the two former Systems a and However, m saymg 

this, we commit one inexactitude; for, it is impossible to derive 
from the axioms of System 51 those sentences of Systems 51 or 
aui which contain the symbol “ > ”, unless System a'» is enlarged 
by adding the definition of this symbol. We may, as we kno , 
give this definition the following form: 

Definition We say that x>y if , and only if , y < x. 

We also know that this last sentence can be 

ordinary theorem (omitting, in this case, the initial phrase We 
say that"). The fact of the equipollence of the three systems m 

questions can now be formulated as follows: 

System 51^^’ together with Definition is equipollent to 

each of the Systems 51 and 51 

An equally cautious mode of formulation is indicated 
twt axlm systems are compared which, though equipollent, 

contain, at least partly, different primitive terms. 

The axiom system a »> is distinguished advantageously by the 

S : aU together they assert that the set N is ^ed 

hv *is relation ; the next three axioms are concerned with addition 

: rtild Idl— ^ tlJrelation less IMn and the ^ 
o1 addition, A class K is said to be an 

(i) the Class K is ordered by the relation ^ 

Abelian group with respect to the operation 0, and (iii) the op 
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tion 0 is monotonic in the class K with respect to the relation R. 
In accordance with this terminology we can say that the set of 
numbers is characterized by the axiom system 21 as an ordered 
Abelian group with respect to the relation less than and the opera- 
tion of addition. 

The following facts concerning System 21 can be established: 

System 21 is an independent axiom system, and moreover, 
all its primitive terms, namely “N”, “<” and are mutually 

independent. 

We omit the proof of this statement. We remark only that, in 
order to establish the mutual independence of the primitive terms, 
one has again to apply the method of proof by interpretation, 
which in this case, however, assumes a more involved form; lack 
of space prevents us from going into the modifications of that 
method which would be required for this purpose. 

68. Further simplification of the axiom system ; possible 
transformations of the system of primitive terms 

System 21«) can obviously be replaced by any system of 

sentences equipollent to it. We will here give a particularly 

simple example of such a system, which may be called System 

Sl®^ and which contains the same primitive terms as 21 It 
consists of only five sentences; 

Axiom 1 »>. If x^y, then x < y- or y < x. 

Axiom 2<3>. If x < y, then y < x. 

Axiom 3(«. x + {y + z) = {x + z) + y. 

iUiOM 4i«. For any numbers x and y there exists a number z 
such that X = y 

* 

Axiom If x + z <y + t, then x <y or z < t. 

We shall show that 

Systems 2l»> and 21<3) are equipollent. 

Pkoop. We observe, first of all, that all the arioms of System 
a are either contained in System a (thus, Axiom 2(» coin- 
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cides with Axiom 2, and Axiom with Axiom 9), or else have 
been proved on its basis (Axioms 1<*\ and are coincident 
with Theorems 4, 9 and 14, respectively). But since the axiom 
systems 21 and 21«^ are equipollent, as we know from Section 57 
(Definition after all, can always be added to System A ), 

we may conclude that all the sentences of System can be 

proved on the basis of System 21 It remains to derive those 
sentences of System »»> from the nxinms of System V which 
arc absent in that is Axioms 3“>, 4®>, 5‘ > and 7 . This 

task is not quite so simple. 

*We begin with Axioms 4 ^ 2 ) and 5 ' 2 ). 

(I) Axiom 4 can he derived from the axioms of System 21 

For given two numbers x and y, we can apply Axiom 4< > 
(with ’“x” put in place of “y”, and vice versa) ; there is, therefore, a 

number z such that 


( 1 ) 


a; + 2* 


If now, in Axiom 3<«>, we replace “y” by “x”, we obtain: 

( 2 ) x + (x + 2) = (x + z) + X. 

In view of (1), “x + z” may here be replaced by “y” on both sides, 
and we arrive at Axiom 4»): 

X + y = y + ^ 

(II) A xiom 5 can he derived from the axioms of System 21 

In fact, by Axiom 3<»> we have (if ia substituted tor "t", 
and conversely): 

X + (z + 2/) = (x + !/) + 2; 

on account of the commutative law. which tas 
derived by (I) , we may here replace z + y Y V > 
obtain Axiom 5^®’: 

X + (y + z) = (x + y) + z. 

In order to facilitate the derivation of Axioms 3^*^ and 7®^, 
. . fVio ovioTna and theorems stated 
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in the preceding chapters may be proved on the basis of 
System 

(HI) Theorem 1 can be derived from the axioms of System 

We merely observe that the proof of Theorem 1 given in Section 
44 is based exclusively upon Axiom 2, which in turn coincides with 
Axiom of System 

(IV) Axiom 6 can be derived from the axioms of System 

In fact, we saw in Section 55 that Axiom 6 can be deduced from 

Axioms 7, 8 and 9. Axioms 7 and 8 are the same as Axioms 4'^’ 

and 5«>, and can therefore, by (I) and (II), be derived from the 

axioms of System Axiom 9, on the other hand, occurs as 

Axiom 4^®’ in System 21^®’. Hence, Axiom 6 is a consequence of 
the axioms of 

(V) Theorem 11 can be derived from the axioms of System 

In the second proof of Theorem 11, as given in Section 49, 

only Axioms 7, 8 and 9 were used. Theorem 11 is therefore 

derivable from the axioms of System 21 '3) for the same reason as 
Axiom 6; see (IV). 

(VI) Theorem 12 can be derived from the axioms of System 2l<®h 
For, suppose the hypothesis of Theorem 12 holds: 


X + y < X A- z) 

we apply Axiom 5^*^, having replaced “ 2 ”, “y” and by “y”, 
"i” and “ 2 ”, respectively. It follows that one of the formulas’: 

X < X or y < z 

must hold; the first possibility has to be rejected because it con- 
tradicts Theorem 1 which has already been shown to be derivable 

from System 2l<*>, cf. (HI). Hence the conclusion of Theorem 12 
must hold : 
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and 

(2) y <z. 

If now we had : 

y + a: = 2 / + 2 , 

it would follow by Theorem 11, which has already been derived 
by (V), that 

X = z. 

Thus in (1) “x” might be replaced by “z”, which would lead to: 

z < y. 

This inequality would contradict (2) by virtue of Axiom 2«> and 
must therefore be rejected. We thus have: 

(3) y + X + y + z. 

Since, by Axiom 6, y + x and y + z are numbers, we Jnay, by 
Axiom infer from (3) that one of these two cases must hold: 

(4) y + x<y + z or y + z < y + x. 

Considering the second of the formulas (4) , we may replace in it 
“y + x” by “x + y” by virtue of Axiom 4^“' which has already 

been derived; we thus arrive at: 

y + 2 < X + y. 

To this formula we apply Axiom 5<»>, where we replace “x” and 
"t” by “y”, and “y” by “x”. We arrive in this way at the 

following consequence: 

y < z or 2 < y. 

But this has to be rejected, since, on account of Axiom it 
contradicts (1) and (2) which constitute the hypothesis of Axiom 
3 (*). We therefore return to the first of the formulas (4) and 
apply Theorem 12 derived above by (VI), with “x” replaced by 
“y”, and conversely; we obtain thus: 

X <M, ' 

and this is the conclusion of Axiom 

(VIII) Axiom 7 can b«derw«dAomttsaxtoms<|f System 
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The procedure is here similar to the one just applied, but much 
simpler. We assume the hypothesis of Axiom 7 «) ; 

y < z. 

If now we had; 

X + y = X + z, 

it would follow by Theorem II that 


y = z\ 

in (1) we might therefore replace ‘Of’ by “ 2 ” and arrive at a con- 
tradiction to Theorem 1, derived above by (III). Hence we must 
nave: 

X + y X + 

from which, by Axiom it follows that 


( 2 ) 


^ + y < X + 2 


or 


^ “f~ 2 < X 4“ ?/• 


I a • 

In view of Thoorem 12, the second of these inequalities leads to: 

^ < y, , 

but this contradicts our hypothesis (1) by virtue of Axiom 2(3) 
Consequently we have to accept the first of the inequalities (2): 

X + y < x -f 2, 

and this is the conclusion of Axiom 7 ( 2 ) * 

We have seen in this manner that all sentences of System 21(2) 

systems a™ and n»> are thus really established us equipollent. 
System a<*i, no doubt, is simpler than System a<!) and hence 

trll simpler than Systems a or a<». Particularly inter^stina i” : 

f (re’.;: r 
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more difficult and involved than on the basis of those other 
systems. 

Just like a system of axioms, a system of primitive terms maybe 
replaced by any equipollent system. This applies, in particular, 
to the system of the three terms “N”, “ <” and “ + ” which occur 
as the only primitive terms in the axioms last considered. If, 
for instance, in this system we replace the symbol “<” by 
wo obtain an equipollent system; for the second of these symbols 
was defined in terms of the first, and Theorem 8 tells us how the 
first may be defined by means of the second. But such a trans- 
formation of the system of primitive terms would be in no way 
advantageous; in particular, it would contribute nothing to a 
simplification of the axioms, and to the reader, who is possibly 
more familiar with the symbol “<” than with the symbol 
it might even appear rather artificial. Another equipollent sys- 
tem can be obtained by replacing in the original system the 
symbol “ + ” by “ — but, again, this transformation would not 
be at all expedient. In conclusion we should note that other 
systems of primitive terms are known which are equipollent to the 
system in question and consist of but two terms. 


69. Profile 


II 


I of the consistency of the constructed theory 


We shall now briefly touch on some other methodological 
problems concerning the fragment of arithmetic considered above; 
these are the problems of consistency and of completeness (cf. 
Section 41). Since it is quite irrelevant whether we refer our 
remarks to one or another of several equipollent axiom systems, we 

shall now always speak of System 31. 

If we believe in the consistency of the whole of arithmetic (and 
this assumption has been made previously and will be made again 
in our further considerations), then we must all the more accept 

the fact that 


The mathematical theory based on System 3f is consistent. 

But while the attempts to give a strict proof of the consistency of 
the whole of arithmetic have met with essential difficulties (cf. 
Section 41), a proof of this kind for System 21 is not only possible 
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but even comparatively simple. One reason for this is the fact 
that the variety of theorems which can be derived from the axiom 
system 21 is very small indeed; it is, for instance, not possible to 
give, on its basis, an answer to the very elementary question as 
to whether any numbers exist at all. This circumstance facilitates 
considerably the proof of the fact that the part of arithmetic 
considered does not contain a single pair of contradictory theorems. 
With the means here at our disposal, however, it would be a 
hopeless undertaking to sketch the proof of the consistency or 
even to try to acquaint the reader with its fundamental idea; this 
would require a much deeper knowledge of logic, and an essential 
preliminary task would be the reconstruction of the part of 
arithmetic in question as a formalized deductive theory (cf. 
Section 40). It may be added that, if System 21 is enriched by a 
single sentence to the effect that at least two distinct numbers 
exist, then the attempt to prove the consistency of the axiom 
system thus extended will meet with difficulties of the same degree 
as are encountered in the case of the entire system of arithmetic. 


60. Problem of the completeness of the constructed theory 

In comparison with the question of the consistency, that of the 

completeness of System 21 can be dealt with much more readily. 

Ihere are numerous problems, formulated exclusively in logical 

terms and m primitive terms of System 21, that do not in any way 

admit of a decision on the basis of this system. One such problem 

has already been mentioned in the preceding section. Another 

example is given by the sentence stating that to any number i 
there exists a number y such that ’ 


I 


On the basis of the axioms of System 21 alone, it is impossible either 

^ consideration. By the symbol “N” we have 

denoted the set of all real numbers; that is to say, the set N com- 

^ well as the irrational ones. But it can be seen at once that 
none of the axioms and, hence, none of theorems following from 
them would lose their validity if by the symbol “N” we were to 
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denote either the set of all integers (the positive and negative ones 

including the number 0), or the set of all ^ word 

is to say, all these statements would remain valid 
“number- meant either ‘Hnteger- or “raltonal number In the 
first case, the sentence mentioned above, which states that for 
any given number there is another number half as large would 

be 'false; in the second case it would be true. 

succeeded in proving this sentence on the basis of System 21, we 

would arrive at a contradiction within the arithmetic of 

if, on the other hand, we were able to disprove it, 

ourselves involved in a contradiction within the arithmetic of 

rational numbers. , , . 

The argument sketched just now falls under the category of 

proofs by interpretation (cf. Sections 37 and f ^er to make 

this clear let us reformulate the argument slight y. Let 1 

denote the set of all integers, and "R” the set of all ratronal 

numbers. We shall now give two interpretations of System 21 

"thin arithmetic. The symbols 

occurs explicitly or implictly in each of the axioms is to be replaced 
by “I” in the first and by “R” in the second interpretation. 

(We disregard here the remarks made in Section 43 ® 

our r...ornn,.) All axioms of System 21 retain their 
validity in both interpretations; the sentence. 

for every number x there exists a number y such that 

X = y + y, 

however, is fulfilled only in the case of the second interpretation, 

while in the case of the first interpretation its negation holds . 

not for every number x is there a number y such that 

X = y y- 

On the assumption of the consistency of arithmetic we conclude 

from the first interpretation that the sentence 
be proved on the basis of System 21, and from the second inter- 
pretation we conclude that it also cannot be disproved^ 

w. thus shown that there exist two contradictory sen- 
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tences, formulated exclusively in logical terms and in primitive 
terms of the mathematical theory which we have been considering, 
with the property that neither of them can be derived from the 
axioms of that theory. Consequently we have: 

The mathematical theory based on System 21 is incomplete. 


1. Let us agree that the formula; 



means the same as: 


X © y 

X + 1 < y. 


Now replace, in the axioms of System 21 of Section 57, the 
symbol “<" throughout by “©”, and determine which of the 
axioms retain their validity and which do not, and hence infer that 
^iom 1 cannot be derived from the remaining axioms. What 
is the name of the method of inference here applied? 


2. Following the lines of the independence proof sketched in 
Section 56 for Axiom show that Axiom 2«) cannot be derived 
from the remaining axioms of System 21 


3. Let the symbol “N” designate the set consisting of the three 
numbers 0, 1 and 2. Among the elements of this set we define a 

o 

relation <, stipulating that it should hold only in these three 
cases: 

0 < 1 , 1 < 2 , 2 < 0 . 


^ther, we define the operation + on the elements of the set N 
by the following formulas : 



.. / i 


0 + 0 = 

O 

= 1 + 2 = 

O 

2 + 1 

0 + 1 = 

= 1 + 0 = 

2 + 2 

0 -+- 2 = 

= 1 + 1 = 

2 + 0 

the axioms of System 81^^^ 

by “N'' 

and 

‘^+” 1 


0 , 

1 , 

2 . 


respectively (and the 
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word ^‘number” by the expression “one of the three numbers 0, 
1 and 2”); show, by doing so, that Axiom 3^^’ cannot be derived 
from the remaining axioms. 


4. In order to show by means of a proof by interpretation that 
Axiom 4'^^ is not derivable from the remaining axioms of System 
21 it is sufficient to replace the symbol of addition in all axioms 
by the symbol of a certain one among the four operations men- 
tioned in Exercise 3 of Chapter VIII. Which is the operation 
that has to be used? 


5. Consider the operation © satisfying the following formula: 


X ® y = 2-{x + y). 

Show, with the help of this operation, that Axiom 5^*^ cannot be 
deduced from the other axioms of System 21 

6. Construct a set of numbers of such a kind that, together with 
the relation < and the operation it fails to satisfy Axiom 
but forms a model of the remaining axioms of System 21 What 
conclusion may, therefore, be drawn with respect to the possibility 
of deriving Axiom 6^^^? 

7. In order to show that Axiom 7^^' is not a consequence of the 
other axioms of System 2I<^\ one can proceed by replacing in all 
axioms two of the primitive terms of the system by corresponding 
symbols introduced in Exercise 3, leaving the third primitive term 
unchanged. Determine which term should be left unchanged. 

8. The results obtained in Exercises 1-7 go to show that none 
of the axioms of System 21'^^ can be derived from the remaining 
axioms of that system. Carry out analogous independence proofs 
for the axiom systems 21^^^ of Section 55 and 21^®^ of Section 58 
(using, in part, the interpretations applied in the preceding 
exercises) . 

9. Show, on the basis of the axiom system 21 that any set of 
numbers which is an Abelian group with respect to the operation 
of addition is at the same time an ordered Abelian group with 
respect to the relation less than and the operation of addition. 
Give examples of sets of numbers of this kind. 
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given whi?h7orm ' of numbers were 

• ss? =H~ 

21 '*' Ccf. Exercise 7 ). * ^ remaining axioms of System 

the'^em®" =3''*^'" »“> prove the following 

./ Here are at least tu-a different numbers, then there is for 
any number x, a number y such that z < y ’ 

grotpfthSrrorem:" ' 

relition R opZationO 

<Aen, for any element x of K m’ere exiL^an'^l elements, 

X Ry. element y of K such that 

ordetd IblL'^rtp 0^00 - - 

on, elements. Can it consist of Tust and so 

of Chapter VIII.) ^ ^ element? (Cf. Exercise 8 

fa A*uip®o‘ltot‘to‘t51'e%ystr c°on''1°'”" V’"®'” S7) 

following sentence: 'oos-stmg of Axiom l<n and the 


*/ X <y, y 2 ^ ^ ^ 


and 


u 


^ < y, /Aen y •< x 

R U ® “ "^essori, end 

cotKitton: 'annealed ,n K and that it satisfies the fioZyfng 

z Rt f any elements of K and if ^ i? 

nRv, themt %s not the case that vRz 
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*14. Using the considerations of Sections 48, 55 and 58, show 
that the following three systems of sentences are equipollent : 

(a) the system of Axioms 6-9 of Section 47 ; 

(b) the system of Axioms of Section 57; 

(c) the system of Axioms 3'^^ and 4'®' of Section 58. 

Generalizing this result, formulate new definitions of the ex- 
pression : 

the class K is an Abelian group with respect to the operation 0, 

that are equivalent to, but simpler than, the definition given in 
Section 47. 

*15. Consider the system 21'“^ consisting of the following five 
axioms ; 

Axiom If x^y, then x<y or y < x. 

Axiom If x<y, y < z, z < t, t<u and u<v, 

then V < X. 

Axiom x + (y + z) = (x + z) + 2/- 

Axiom 4'^’. For any numbers x and y there exists a number z 
such that X = y + z. 

Axiom 5<^>. If y < z, then x -f y < x + z. 

Using the results of Exercises 13 and 14, show that System 21^*’ 
is equipollent to each of the Systems 21 and 21<®L 

16. In Section 58 it was asserted that the system of the three 
primitive terms “N”, “<” and is equipollent to the system 
of the terms “N”, and to this assertion it should 

really have been added that thege systems are equipollent with 
respect to a certain system of sentences, for instance, with respect 
to System 2l<®’ of Section 58 and Definition 1 of Section 46. Con- 
sider why such an addition is indispensable. In general, why is it 
necessary always to refer to a particular system of sentences when 
intending to establish the equipollence of two systems of terms 

(in the sense of Section 39)? 
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*17. Consider the system 21(6) consisting of the following seven 
sentences : 


y 


AXIOM 1 (6). For any numbers z and y we have: 

^ X. 


X 


y or 


Axiom 2 (*) 
Axiom 3(®) 


^ ^ y and y ^ Xy then x 
•V X ^ y and ^ ^ z, then 


y- 


X ^ z. 


Axiom 4(6). x + y = y + x. 

Axiom 5(6). x + (y + z) = (x + y) + z. 


Axiom 6(6) 
such that X = 

Axiom 7(®>- 


For any numbers x and y there exists a number z 

y + z. 

If y ^ z, then X -{- y ^ X + z. 


Show that the axiom systems 21(*) (of Section 57) and 21(6) 

systems of sentences, if Definition 1 of Section 
46 IS added to the first, and Theorem 8 of Section 46 to the second 
^nsidering the latter theorem as a definition of the symbol 

ZX^le^r 21(6) are 

thif* ^**1® of argument taken in Section 60 show 

neither proved nor disproved: «iii-eiice can De 

if X < z, 

y < z. 


then there exists a number y for which 



y and 


nXf ptr LX-s"” “ 


number 


20. In the present chapter we have used the mettie .1 er 
pSSS the independence or 

W fovestigatlona eonce^yts bJnsis^n'’ ®™Ploye 

fetovdn* rnethodo,.^S^»-,~-^ 

B' 
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If ih, deductive theory ® hue an interpretation m 
theory X and the theory X is consistent, then the theory © 

consisienL 

Show that this statement is correct. In Section 38 some re- 
marks have been made concerning possible interpretations o 
arithmetic and geometry; applying the law just »ven, 
from these remarks consequences concerning 

arithmetic and geometry and its connection with the consistency 

of logic. 



X 


EXTENSION OF THE CONSTRUCTED 


THEORY 

arithmetic 


61. First axiom syste; 


arithmetic of real numbers 


number of concepts belonging to the fie ^ ^""^logous reason ; a 
found that are not definable with th h i ^ ^ arithmetic can be 
occurring in System §r Thus «? ^ primitive terms 

deane the eXs of 

symbols as “1”, "2”, and so on division, or even such 

order to arrive at a sufficient and primitive terms in 

enthe arithX oo„atn.etion of the 

sketched hfre . »f solution will be 

PartaSXystm a<« ‘(cT S " »■>“* »' <*- 

Axioni systems for certn.in Iaoo ^ v - Before the year IQOn 

tooira; the first system of tWsMad^relatine to^th been 

numbers was given in ISSa^^hy Peano fcf fLi ®”*^bmetic of natural 
aaom systems for arithihetic an/v.rr;. ' } °a P- 120). Several 

the first axiom system for the arithmef**^ Parts of it and, in particular 
“-»! by Hn™j;oi« .na.bem-„,« ^ 
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will be replaced by the symbol “1”, and the axioms of the system 
are supplemented by four new sentences In this way a new 
System 21' is obtained, containing the four primitive terms 

I > “i» and consisting of the nine axioms which 

we shall list explicitly below: 

Axiom 1'. // x ^ y, then x <y or y < x. 

Axiom 2'. If x < y, then y < x. 

Axiom 3'. If x < z, then there exists a number y such that 

X < y and y < z. 

Axiom 4'. If K and L are any sets of numbers (i.e., X C N 

and L C N) satisfying the condition: 

for any x belonging to K and any y belonging to L, we have : x<y, 

then there exists a number z for which the following condition holds: 

if X is any element of K and y any element of L, and if x^z 
and y ^ z, then x < z and z < y- 

Axiom 5'. x + {y z) = + y- 

Axiom 6'. For any numbers x and y there exists a number z 
such that X = y + z. 

Axiom 7'. If x + z < y + t, then x<y or z < t. 
Axioms'. leN. 

Axiom 9'. 1 < 1 + 1- 


62. Closer characterization of the first axiom system , its 
methodological advantages and didactical disadvantages 

The axioms listed in the preceding section fall 

Lve terms “N-’ld <‘<” occur; in the -end group to w^oh 
Axioms W-7' belong, we have the add.t.onal symbol + , hn^y, 
in the third group, in which we have Axioms 8 and , 

symbol “1” appears. 
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Among the axioms of the first group there are two which we 
had not met before, namely Axioms 3' and 4'. Axiom 3' is called 
the LAW OF DENSITY for the relation less than — it expresses the 
fact that this relation is dense in the set of all numbers. In 
general we say that the relation R is dense in the class K if, for 
any two elements x and y of this class, the formula: 


xRy 


always ii 
which 


II 


plies the existence of an element z of the class K for 


X tt z and z Ry 

hold. Axiom 4' is known as the law of continuity for the rela- 
tion less than or as the axiom of continuity or, also, as Dede- 
kind’s AXIOM*; in order to state in general, under what condition 
the relation R is called continuous in the class K, it is sufficient 
to repkce, in Axiom 4', »N” by “if” (and, in connection with 
that, the word number" by the expression "element of the class K”) 

and further “ < ” by "R>\ If, in particular, the class K is ordered 

by the, relation R, and if 12 is dense or continuous in K, then K 

is said to be densely ordered or continuously ordered. 
respectively. ’ 

Axiom 4' IS intuitively less evident and more complicated than 
the remaining axioms; for onfe thing, it differs from the other 

axioms inasmuch as it is concerned, not with individual numbers, 
but with sets of numbers. In order to give this axiom a simpler 
and more comprehensible form, it is expedient to have it pre- 
ceded by the following definitions: 

if numbers K precedes the set of numbers L 

tf, and only xf every number of K is less than every number of L 

^ SEPARATES, the sets of numbers K and 
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On the basis ot these deBnitions we can give the axiom of con- 
tinuity the following very simple formulation . 

IS one set of numbers precedes another, then there exists ol hast 

one number separating the two sets. 

1 . ■ c ret fViP second group are already known to us 

All the axioms of the s^con g 

from earlier consideratmns a content that they 

though new, have so simp e a^ remark this much, 

S the ex^-ion nuif, then it may be replaced etther 

by the formula; 








or else by the sentence : 

I is a positive number. 

K ' . 1 ' 9' V 6 ' and 7' form just what we called System 

a» which-hke the equtpollent System a 

set ol all numbers as an ordered AM 3 , g' 

S"y nllcribe the whole system as follows: 

System «' expresses " 

r„l 7e'7e^2no!Mitiort, and it singles out a ccrlafn posit* 
element 1 in that seL 

From the methodological point of ™w, t po^- 

simplest of all known Uhmetic. With the 

upon which to founa tne enu y easily— can be 

exception of Axiom ° the other axioms of the 

derived from the ^ occurring in these axioms 

are mutually independent. The ‘ simplicity of the 

on the other hand, is far sinal er, . • t^e further con- 

foundations causes considerable comp . ^ the deriva- 

struction. Even the definitmn o to carry 
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through. Almost from the very beginning, the arguments will 
have to make essential use of the continuity axiom (without its 
help, for instance, it would not be possible to prove, on the basis 
of System 21^, the existence of the number j, i.e. of a number ?/ 
such that ?/ 4- y = 1), and the inferences based on that axiom 
are usually found rather difficult by the beginner. 


63. Second axiom system for the arithmetic of real numbers 

For the reasons mentioned above it is worth while to search for 
a different axiom system upon which to construct arithmetic. A 
system of this kind can be obtained in the following way. As our 
point of departure we use System Three new primitive 

terms will be adopted: “zero”, “one” and “product” ] the first two 
will, as usual, be replaced by the symbols “0” and “1”, while, 
instead of the expression “the product of the numbers (or factors) 
X and y” (or “the result of multiplying x and y”) we shall use 
the customary symbol “x-y”. Further, thirteen new axioms 
will be added; of these, two are already known to us, namely 
the axiom of continuity and the law of performability for addition. 
We thus finally arrive at System 21" containing the six primi- 
tive terms “N”, “o”, and “I”, and consisting of 

the following twenty sentences: 


Axiom 1". If x ^ y, then x < y or y < x 

Axiom 2". If x < y, then y < x. 

Axiom 3". If x < v and. n ^ , 


Axiom 4". 
coniiiion\ 


If X < y and y < z, then x < z. 

If K and L are any sets of nymbers satisfying the 


4 * 

for any X belonging to K and any y 'bektngiing to L, we have: x <y, 
ihen theri^ists d number z for which following condition holds: 

-AT i et^neni of K an^,ymng element of L. and if * ± « 




... 


Ui 







' S- ^ F&r anM 


ps y arid z there exists a nunibef x 

zeN, Wn 
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Axiom 6". x + ?/ — 2/ + 


Axiom 7". 

Axiom 8". 
such that X = 

Axiom 9". 
Axiom 10". 


X + {y + z) = {x + y) + z. 

For any numbers x and y there exists a number 

y + 2 - 

If V ^ X y < X, z. 

OeN. 



Axiom 11". a: + 0 — x. 

Axiom 12" For any numbers y and z there exists a number x 
suTL X = other wovds:.; ,eN and . e N, the. 

?/.Z € N). 


Axiom 13". x-y — y-x. 

Axiom 14". x-iy-z) = {x-y)-z. 

Axiom 15". For any numbers x and y, if y ^ 0, there exists 
a numbev z such that x = 

Axiom 16". If 0 < x and y < z, then x-y < x-z. 
Axiom 17". x-{y + z) = (x-y) + (x-z). 

Axiom 18". leN. 

Axiom 19". x-1 = x. 

Axiom 20". 0 4= 1. 


64. Closer characterization of the second axiom system , 
concepts of a field and of an ordered field 

In System 31", as in System 51', three groups of axioms may be 
distinguished. In Axioms l"-4", which form the first group, we 
have only the two primitive terms “N" and the second 

srouD consisting of Axioms 5"-ll", contains the two furthei 
symtels; the addition sign “ + ” and the symbol “0”; finally, the 
third group, which is made up of Axioms 12"-20 involves pri- 
marily the multiplication sign and the symbol 1 . 



SECOND .\XIOM SYSTEM 


2 1 < ) 

All axioms of the first two groups, with the exception of Axioms 
10" and 11", are already known to us. Axioms 10" and 11" 
together state that 0 is a (right-hand) unit element of the opera- 
tion of addition. For, in general, an element u is said to be a 

RIGHT-H.\XD or LEFT-H.\ND UNIT ELE.MENT OF THE OPER.XTION 0 

IN THE CL.xss K. if u belongs to K and if e\ ery element x of K 
satisfies the formula: 


X 0 u = X, or u 0 X = X, 


respectively. If u is both a right- and left-hand unit element it is 
simply called a unit eee.ment of the oi>er.\tion 0 in the 
CL.\ ss K; e\idently, in the case of a commutative operation 0, 
every right- or left-hand unit element is simply a unit element. 


In the first three axioms of the third group, i.e. Axioms 12"-14", 
we recognize the e.a.w of perfor.\i.\bility and the com.\iut.\tive 
and .\ssoci.\TivE l.\ws for multiplication; they correspond pre- 
cisely to Axioms 5"-7". Axioms 15" and 16" are called the l.vw 

OF RIGHT INVERTIBILITY for multiplication and the l.w of 

MONOTONY for multiplication with respect to the relation less than. 

These axioms correspond to the laws of invertibility and monotony 

for addition, but not quite exactly. The difference lies in the 

fact that their hypotheses contain the restrictive conditions 

y + 0 and 0 < x ; in spite of their names, therefore, they do 

not permit us to assert simply that multiplication is invertible, or 

that it is monotonic with respect to the relation < (in the sense 
of Sections 47 and 49). 


Axiom 17 establishes a fundamental connection between addi- 
tion and multiplication; it is the so-called distributive l.vw (or, 
strictly speaking, the law of right distributivity) for multi- 
plication with respect to addition. In general, the operation P 
IS called right- or left-distributive with respect to the 

OPERATION 0 in THE CLASS K if any three elements x, y and 2 of 
the class K satisfy the formula: 


X P (yOz) = (x P y)0 (xP z), 
or (xO y) P z = (x P z) 0 (y P z), 
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respectively. If the operation P is commutative, the notions of 
right and left distributivity coincide, and we simply say that the 
operation P is distributive with respect to the operation 0 

IN THE CLASS K. _ 

The last three axioms concern the number I. Axioms 18 and 
19" together state that 1 is a right-hand unit element of the 
operation of multiplication. The content of Axiom 20" does not 
call for any explanation; the role played by this axiom in the con- 
struction of arithmetic is greater than might at first be supposed, 
for without its help it is impossible to show that the set of all 

numbers is infinite. 


In order to describe briefly the totality of properties attributed 
to addition and multiplication in Axioms 5"-8", 12"-15" and 17", 
one says that these axioms characterize the set N as a field (or, 
more precisely, a commutative field) with respect to the 

OPERATIONS OF ADDITION AND MULTIPLICATION. If, in addition, 

the axioms of order l"-3" and the axioms of monotony 9" and 
16" are taken into account, the set N is said to be characterized 
as an ordered field with respect to the relation < and the 

OPERATIONS OF ADDITION AND MULTIPLICATION. The reader will 

easily guess how the concepts of a field and of an ordered field are 
to be extended to arbitrary classes, operations and relations.— 
If finally, the continuity axiom 4" and the-axioms concerning the 

numbers 0 and 1, i.e. Axioms 10", 11", 18"-20", are taken into 

consideration, then the content of the entire axiom system 2l 
may be described as follows; 


System 21" expresses the fact that the set of all numbers is a con- 
tinuously ordered field with respect to the relation < and the opera- 
tions of addition and multiplication, and singles out two distinct 
elements 0 and 1 in that set, of which the first is the unit element of 
addition and the second the unit element of multiplication. 


65 . Equipollence of the two axiom systems; methodological 

disadvantages and didactical advantages of the 

second system 

The axiom systems 21' and 21" are equipollent (or, rather, they 
become equipollent as soon as the first system is supplemented by 
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the definitions of the symbol “0” and of the multiplication sign 
“ • ”, which can be formulated with the help of its primitive terms). 
However, the proof ol this equipollence is not easy. It i.s true 
that the deri^-ation of the axioms of the first system from those of 
the second is not especially difficult; but as far as the opposite 
task is concerned, it already follows fi'om our earlier remarks that, 
on the basis of the first system, both the definition of multiplica- 
tion and the proof of the basic laws governing this operation 

(which occur as axioms in the .second .system) present considerable 

difficulties. 

In methodological re.spects System 31' surpasses System l[" con- 
siderably. The number of axioms in 31" is more than twice as 
large. Ihe axioms are not mutually independent; thus, for in- 
stance, Axioms 5" and 12", i.e. the laws of performability for addi- 
tion and multiplication, are derivable from the remaining axioms, 
or, if these two axioms arc retained, certain others such as Axioms 
, 11 and 1-1 may be eliminated. The primitive terms, too, 
are not independent, for three of them, namely ”<”, “0” and' 

”1”, can be defined in terms of the others (*one of the possible 
definitions of the symbol ”0” has been stated in Section 53*) 
and consequently the number of axioms can be further reduced 
We see, therefore, that System 31" admits of important simpli- 
ca ions 0 \arious kinds, but as a consequence of these simplifica- 
tions the didactical advantages of the system would be diminished 
considerably. And these advantages are indeed great. On the 
basis of System 31" it is possible to develop without any difficulty 
the most important parts of the arithmetic of real numbers - 
such as the theory of the fundamental relations among numbers 
the theory of the four elementary arithmetical operations of addi- 
lon, subtraction, multiplication and division, the theory of linear 
equations, inequalities and functions. The methods of inference 
to be applied here are of a very natural and quite elementary 

all continuity does not enter at 

all at this stage, it plays an essential role only when we go over to 

the -higher” arithmetical operations of raising to a po4r orex- 
the logarithms, and it is indispensable for 

of axioms and primitive terms appears to be known that Lght 
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umish a more advantageous basis for an eleinentory and, at the 
ame time, strictly deductive construction of the arithmetic of 

•eal numbers. 

Exercises 

1 Show that the set of all positive numbers, the relation <, 
the operation of multiplication and the number 2 form a model of 
System %' and that, therefore, this system possesses at least two 
different interpretations within arithmetic. 

2. Which of the relations listed in Exercise 6 of Chapter V are 
dense? 

*3. How can we express— in the symbolism of the calculus of 

relations-the fact that the relation R is dense (m the ^^^^ersa 
class)? How can we express the fact that the relation « is both 
transitive and dense by means of one equation from the calculus 
of relations? (Cf. Exercise 17 of Chapter V.) 

4. Which of the following sets of numbers are densely ordered 

by the relation. < : 

(a) the set of all natural numbers, 

(b) the set of all integers, 

(c) the set of all rational numbers, 

(d) the set of all positive numbers, 

(e) the set of all numbers different from 0? 

•5. In order to prove, on the basis of system the existence 
of the number J, i.e. of a number 2 such that; 

Z + 2 = 1, 

we can proceed as follows. Let K be the set of all numbers x 
such that; 

X + ® 

and, simUarly, let L be the set of all numbers y such that: 
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We show first that the set K precedes the set L. Applying now 
the axiom of continuity, we obtain a number z separating the 
sets K and L. Next it can be shown that the number z can belong 
neither to K (otherwise a number x in K greater than z would 
exist) nor to L. From this we can conclude that z is the number 
looked for, in other words, that 

z + z = 1 

holds. Carry out in detail the proof sketched above. 

*6. Generalizing the procedure of the preceding exercise, prove 
the following theorem T on the basis of System 21': 

T. For any number x there exists a number y such that x = y + y. 

Compare the result obtained in this way with the remarks in 
Section 60. 

*7. Replace, in System 21', Axiom 3' by Theorem T of the 
previous exercise. Show that the system of sentences obtained 
thereby is equipollent to System 21'. 

Hint: In order to derive Axiom 3' from the modified system, 
substitute “x + z” for “x" in T; in view of the hypothesis of 
Axiom 3', it can then be shown easily that the number y fulfils 
the conclusion of this axiom. 




*8. Use the method of proof by interpretation to show that, 
after omission of Axiom 1, System 21' becomes a system of mutually 
independent axioms. 

*9. Give a* geometric interpretation of the axiom systems 21' 
and 2(", by way of an extension of Exercise 2 of Chapter VIII. 

*10. Write all axioms of Systems 21' and 21" in logical 
holism. 

11. Do the operations of j,subtraption and division and the operas 
tions mentioned in Exercise 3 of Chapter VIII possess right- or 
leftr-h^d unil elements, ot simply unit elements in the set of all 
ttifclwrs? Do th#opeiM^s of addition and multiplication of 
' its possess unit elements in the class of all noint sets? 


•A.r . '■i • 
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*12. Show that any operation commutative in a class possesses 
at most one unit element in that class. Further, in generalization 
of the result obtained in Exercise 24 of Chapter VIII, prove the 
following group-theoretical theorem: 

if the class K is an Abelian group with respect to the relation 0, 
then the operation 0 possesses exactly one unit element in the class K. 

13. Consider the five arithmetical operations of addition, sub- 
traction, multiplication, division and raising to a power. Formu- 
late the sentences asserting that one of these operations is right- 
and left-distributive with respect to another (there are altogether 
40 such sentences), and determine which of these are true. 

14. Solve the same problem as in the preceding exercise with 
respect to the four operations A, B, G and L introduced in Exercise 
3 of Chapter VIII. Further, show that every operation per- 
formable in a certain set of numbers is right- and Icft-distributive 
in that set with respect to the operations A and B. 

15. Is the addition of classes distributive with respect to multi- 
plication, and vice versa? (Cf. Exercise 15 of Chapter IV.) 

16. Which of the sets of numbers listed in Exercise 4 are fields 
with respect to addition and multiplication or ordered fields with 
respect to these operations and the relation < ? 

17. Show that the set consisting of the numbers 0 and 1 is a 
field with respect to the operation © defined in Exercise 6 of Chap- 
ter VIII and to multiplication. 

18. Find two operations on the numbers 0, 1 and 2, of such a 
kind that the set of these three numbers forms a field with respect 

to those two operations. 

19. How is it possible to define the symbol “1” with the help of 

multiplication? 

20. The following theorem can be derived from the axioms of 
System 21": 

if 0 < X, then there exists a number y such that x = y-y- 
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Supposing this theorem to have been proved already, derive with 
its help from the axioms of System 21" the following theorem : 

z K y if, and only if, x ^ y and if there exists a number 
z such that z + z-z = y. 

Does this theorem justify a remark made in Section 65 con- 
cerning a possible reduction in the number of primitive terms of 
System 21"? 


*21. Prove Theorem T of Exercise 6 on the basis of System 21". 
Compare this proof with the one suggested in Exercise 6 with 
reference to System 21'; which of the two proofs is more difficult 
and requires a greater knowledge of logical concepts? 

Hint: In order to derive Theorem T from System 21", apply 
Axiom 15", with "y” and “z” replaced by “1 -1- 1” and “y” 
respectively (it has, however, first to be shown that 1 -f 1 is 
distinct from 0) ; thereby a number y is obtained, of which it can 
be shown with the help of Axioms 13", 17" and 19" that it f ulfils 
the formula given in Theorem T. 

♦22. Derive all the axioms of System 21' from the axioms of 


Hint: In order to deduce Axiom 3', assume Theorem T of 

Exercise 6 to have already been proved on the basi^of System 21" 

(cLthe previous exercise); from there on proceed ip |hV same way 
as in Exercise 7. ' 





SUGGESTED READINGS 


In concluding this book we should like to point out to the 
reader a number of works which may be of service to him in 
deepening and extending the knowledge acquired here. How- 
ever, none of the works listed below offers a systematic and ex- 
haustive treatment of all the problems upon which we have 
touched. As it is, the literature of the field in which we are 
interested is as yet comparatively poorly supplied with textbooks, 
and it IS hard to name many books whose presentation combines 
comprehensibility with the required degree of exactitude. 

E. V, Huntington. The Fundamental Pro-positions of Algebra 
Monograph IV in Monographs on Topics of Modern Mathematics 

relevant to the Elementary F ield, edited by J. W. A. Young New 
York 1911. 


intPrP.lT"’ f ^e^ders who are 

interested in the considerations contained in the last two chapters of the 

Cof th there a simple, precise and clear presenta- 

foundation^! of methodological investigations into the axiomatic 

toundations of the arithmetic of real and complex numbers. 

of *Swn;ei/ of Symbolic Logic. Berkeley 1918 (out 

h JoSnllt" outdated, its 

lo^f ® mstructive information on the development S modem 


Symbolic Logic. New York 


C, I. Lewis and C. H. Langford 

1932 . 

V. contains much interesting and relevant material from 

anTSpSlv ® methodology of deductive sciences, 

I,VWT? * ™lHable historical material contained in Professor 

Lawis s work mentioned above has not been included in "ids Eoot 

dof 19r(S’'edii“'™ Philosophy. Lon- 
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This work gives a clear and easily intelligible presentation of the most 
important concepts of modern logic, especially of those necessary for the 
establishment of mathematics as a part of logic. It treats among other 
things of many topics not discussed or only superficially touched upon 
in tlie present book, such as the theory of types or the problems con- 
nected with the axiom of infinity and the multiplicative axiom; it can 
serve as a preparatory text for the study of the work Principia Mathema- 

lica listed below. 

J. W. Young. Lectures on Fundamental Concepts of Algebra 
and Geometry. New York 1911. 

In this extremely informative little book the reader will find many 
interesting considerations and examples from the domain of the method- 
ology of mathematics. Moreover, the reader may acquaint himself here 
with some of the basic concepts of the general theory of sets. 

J. H. WooDGER. The Technique of Theory Construction. Chi- 
cago 1939. (International Encyclopedia of Unified Science, vol. 2, 

no. 5.) 

This short monograph will acquaint the reader by means of a concrete 
example with the technique of constructing formalized deductive theorip; 
it contains also a discussion of general methodological problems and in- 
teresting considerations as to the possibility and usefulness of applying 
deductive methods within empirical sciences. It can be warmly recom- 
mended, especially to readers interested in the last-mentioned problem. 

The following two works are much more difficult; 

*R. Carnap. The Logical Syntax of Language. New York and 
London 1937. 

This book is interesting but not easy. As for its content, it corresponds 
to what we have called the methodology of deductive sciences, but in 
that wider conception which was discussed in Section 42. Emphasis is 
laid, however, not so much on a presentation of the results achieved in 
this’ field, as on the development of the conceptual apparatus. The sj^- 
tematic, deductive part of the book is treated rather sketchily, and it calls 
for quite a considerable amount of skill in abstract deductive thinking on 
the part of the reader, to enable him to fill the gaps which he will find 
and even, in places, to introduce some corrections in the arguments of 
the author. The book should be recommended, first of all, to those read- 
ers who arc interested in the question of the significance of methodological 
investigations for general philosophical problems ; they will find numerous 
remarks on this subject throughout the text and, moreover, more sys- 
tematized considerations on it in the last part of the book. 



SUGGESTED READINGS 229 

Voli^i liussELL. Principia Mathemalica. 

Vol. 1-3. Cambridge 1925 and 1927 (2d edition). 

Ti quoted several times in the present book 

for'thp^iifl^^*^^^ representative work of modern^logic and as 

for the influence it has exerted it has been no less than epocSkin^ fn 

From the foreign literature we recommend a few books exact 
equivalents of which are not available in English; 

R. Carnap. Ahriss der Logistik. Vienna 1929. 
wissenschaftlichen Weltauflfassung, vol. 2.) 

concept of contemporaty logfcl’tSrfbTconstituU^''^^ important 

there ieteresling ex.mZ. ofTSl moreover, we find 

other sciences. ^ ® ogical concepts and methods in 


(Schriften zur 


1924. 


/a?’,. Mengenlehre. Leipzig and RprJln 

(Mathematisch-physikalische Bibliothek, vol. 58 ) 

lesl: tXor 

nental results of the general theoJv nfl f concepts and funda- 

^hemselves to more' “IhisISr 

Berlta ‘’xxretuchm 

latheraatical b^'o” Md'diMrae? thr*mS P«rts of 

roblems concerning these parts of lode It is both^^°^ • ™®**^odological 

^ofound investigatiorhir 
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H. ScHOLZ. Geschichte der Logik. Berlin 1931. (Geschichte 

der Philosophie in Langsschnitten, vol. 4.) 

We have here a historical survey of the development of logic up to 
the present time. The belief in the far-reaching role of contemporary 
mathematical logic permeates every page of this book, and the vivacity 
and colourfulness of the style will make the book attractive reading even 

to a lajunan. 

As a more advanced work we list the following: 


jjilbert and P. Bernays. Grundlagcn der Matherndtik. 
Vol. 1-2. Berlin 1934 and 1939. (Grundlehren der mathe- 
matischen Wissenschaften, vol. 40 and 50.) 

Tliis book is a very comprehensive, though not exhaustive, exposition 
of the more important results obtained so far in tlie methodology of 
mathematics (in that conception of tliis science wliich was discussed in 
Section 42). In accordance with the theoretical outlook of the authors 
in the question of methodological investigations, emphasis is laid on the 
results obtained by means of so-called construedve methods. Without 
a thorough study of this work, which is unique in its kind in the literature, 
it would scarcely be possible to conduct independent research work in the 
field of methodology. The reader may find some difficulties in studying 
the book, and the reasons for the chosen arrangement of the material 
mav perhaps not always seem obvious to him ; but shortcomings of this 
kind are, after all, hardly avoidable, in view of the fact that the results 
Iiresented in the work are quite recent and belong to a field which is still 
in the process of intensive development. 

In conclusion we may mention that there exists in the United 
States a special society, the Association for Symbolic Logic, which. 
brings together all scientific workers in the fields of logic and 
methodology. Since 1936, the Association has published its own 
quarterly, the Journal of Symbolic Logic, edited by A. Church 
and E. Nagel, in which both original contributions and reviews 
of the entire current logical literature are published. ^ olume 1 
(1936) of this periodical contains an exhaustive bibliography, 
assembled by Church, of all publications in the domain of mathe- 
matical logic during the whole period of its existence up to the 
year 1935; a supplement to this bibliography appeared m Volume 3 

(1938). 
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theorem, 3, 7, 10, 13 f., .28 £f., 

54 61 ; — theory [ — discipline, 

— science], 109, 118 £f., 129 f., 
133f.,,155ff., 168 0 
Mathematics, xii, xvii, 3, 13 

54, 100 f., 108 f., 117 ff-, 128 f., 

133 f., 228 f. 

Meaning, 27, 33, 95, 117 ff., 122, 

128 f., 132 f. , 

Member of a class, see : Element of a 

class; a conjunction Itactor 

of a logical product], 20 ^ 

a disjunction (summand ot a 

logical sum], 21 ff. 

Meta-logic and meta-mathematics, 

140 

Method(s), 117, 132, 138; — of 

constructing sentential calcu- 
lus, 146 ff.; — of equations, 13; 

- of proof by interpretation 
[ exhibiting a model), 

126, 194 ff., 199, 211 f.; - of 

truth tables [ — — matrices], 

38 ff., 146 f., 151 f. 

Methodological concept, 

139 f.; — law, 127, 152, 211 f., 

postulate, — principle, 117,11., 

127, 132 f., 197 . 

Methodology of deductive scienc 

[ mathematics], xi ff-, ^vui, 

117, 120, 127 f., .138 ff., 227 ff.; 

empirical sciences, xlil 

“Mixed” relation, 89 

Mode of inference, see; Indirect 

proof ^ 

Model [realization] of 

system, — of a deductive 

theory, 120 8., , .. , 

Modern logic, see: Mathematical 

logic _ , ( 

Modus ponens rule, see: Rule oi 

detachment 


Monotonic operation, 171 f., 219^ 
Multiplication of classes, 77 i.; 

numbers, 182, 2198.; 

sentences, see: Logical — 
Multiplicative axiom, 227 

Mutually exclusive classes, sec. Uis- 
joint classes ; — independent 
axioms, see: Independent axiom 

system; primitive terms, 

see: Independent system of 

primitive terms 


Nagel, E., 230 

Name, 58 ff., 65 f , 

Natural number, 80 f., 104 f., 213 
Necessary condition, 29; — ana 
sufficient condition, 33 
Negation (complement] of a rela- 
tion, 91 f.. 114 ; — of a sentence, 

20, 52, 135, 195 f. 

Negative number, — integer, 3, 8i, 
New'?4ic,^sc^e: Mathematical logic 

Non-contradictory axiom system, 

deductive theory, see: Consist- 
ent axiom system . 

Non-equiform expressions, — signs, 

112 

Non-exclusive meaning of a dis- 
junction, 21 • * ^ 

Non-negative number, — integer, 

80, 103 ff. 

Not, 19 f., 39 f. 7 <; 70 . 

Null [empty] class, 72 f., 75, IJ, 
Number(s) [real -1> ^ 61 

68 ff., 81, 101 f-. 129, 205 f., 

line, 185 f.; — of elements of a 
class, see; Cardinal — 

Numerical constant, 6; — quanti- 

fier, 63 f. 

Old logic, see: Traditional logic 
One, 63 f., 80 f .» 213 f. 

One-many relation, see: 

One-one relation, see: Biunique 

function 

One-to-one correspondence I 

ping), see: Establish an order 

ODeration(s), 106 8., 168 ff., 181, 
^ 193, 198 f., 219 f.; — 

7*7 — . — relations, 9U n. 

Operator, 9 8., 83, 71 
Or, 19, 21 ff., 27, 39, 139, 163 

Order, see; EstahlUh an or Jr Laws 
of — for numbers; — of a cl^, 
68, 73 f., 89; a relation, 

88 f. 



Ordered Abelian group, 196 ff., 

208 f., 216; — class, 97, 209, 215; 

— field, 218 £f. 

Ordering relation, 96 f. 

Ordinary language, see: Everyday 
language 

Overlapping classes, 74 f., 87 


QuantifierCs), 9ff., 14, 139 
Quantity, see: “Constant — 
“Variable — “ 

Q.e.d. {quod erai demonstrandum). 
160 

Quotation marks, 68 ff., 65 f. 
Quotient of numbers, 182 f. 


Parenthesis, 39, 148 
Part [proper subclass], 74, 76, 105 
Peano, G., 120, 213 
Peirce, Ch. S., 14, 38, 88, 105 
Performable operation, 168 ff., 193 
Philo of Megara, 27 
Point, 68, 103 ff., 129, 185, see also: 
Locus of the points; — set, see: 
Geometrical configuration 
Polynomial, 30 

Positive number, 3, 70, 104 f,, 206, 
216 

Post, E. L., 137 

Postulate, 118; see also: Meth- 
odolopcal — 

Power of a class, see: Cardinal 
number 

Preceding theory [ — discipline, 
presupposed theory], 119, 128, 
138, 152; — set of numbers, 
216 f,; — word in lexicograph- 
ical order, 113 

Predecessor with respect to a rela- 
tion, 88 f., 99 

Presupposed theory [ — discipline), 
see: Preceding theory 
Primitive statement, see : Axiom; — 
[undefined] term(s) [— sym- 
bol(s}], 117 fif., 146 f., 150, 155 f., 

. 196 ff-, 204, 210, 213 f., 217 f., 221 
Principle, see: Methodological; — 
of abstraction, 96 

Product of [intersection of] classes, 

77; [result of multiplying) 

numbers, 217; [absolute 

, intersection of] relations, 

sentences, see: Con- 
junction 

Proof. 3, 13, 46 ff., 118, 122, 126, 

“ by interpretation, 
IM, 206; — by reductio ad 
absurdum, see: Indirect — 

■ roper subclass, see: Part 
roperty(ies), 55 f,, 72, 76, 95; — of 

operations, 108, 168 f.; 

relations, 93 ff., 114, 122 f. 
oppositional calculus, See: Senten- 
tial calculus 





sentence], see: 


Real number(s), 3, 155 f., 168 ff., 
213 ff., 226; see also Number(s) 
Real variable, see: Free variable 
Realization of an axiom system, — 

— a deductive theory, see: 
Model of an axiom system 

Reductio ad absurdum, see: In- 
direct proof, Law of 

Reflexive relation, 93 ff., 114, 122 f. 
Reflexivity, see: Law(s) of — 
Regress (regrmus in infinitum], see: 
Infinite — 

Relation(s), 87 ff., Ill, 114, 122 ff., 
139, 166, 171 L, 198 f., 209, 215; 

— among classes, see: Funda- 
mental — ; numbers, 

162 ff . ; — of being greater, 

— smaller, see: Greater than^ 
Less than; — — the first, 
second, • • • order, 88 f . 

Relative product of [composition of] 
relations, 92, 167; — sum of 
relations, 93 

Result of an operation, 107, 169 
Right inverse of an operation, 181; 

— side of an equation, 

— inequality, 166, 

equivalence, 32 

Right-distributive operation, 219 f. 
Right-hand unit element of an 
operation, 219 f. 

Right-invertible operation, 169, 193 
Right-monotonic operation, 172 
Root of an equation, 6, 30 
Row of a truth table, 41 f , 

Rule(s) in sentential calculus, 

146 ff.; — of definition, 36, 

132 f., 140, 150; detach- 

ment (modus ponens — ], 47 f., 

147 f., 151; — — inference 

[ proof), 47 ff-, 53, 132 ff., 

140, 146 ff, 

Russell, B., 19, 73, 81, 227 ff. 

Satisfy a sentential function [ — a 
condition], 6ff., 13 f,, 14, 63 f., 
70 ff., 73f., 89, 123, 126 f. 
ScHOLz, H., 230 
SejmbDER, E., 88, 140 
Science, see: Theory 
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Scientific language, 25, 29; — 

theory, xiv, 3 

Segment jline —1, 103 f., 120 ff., 144 
Selection of axioms, 130 f., 191 ff. ; 

• — primitive terms, 130 f., 

191,204 

Semantics, see: Logical syntax and 

Scntence(s), 3 ff., 11 ff-i 1® 59 f., 

66, 130 f., 133, 135 ff., 152, 195 f. ; 

— of an existential character, 

see: Existential — ; — — ^ 

universal character, see: Uni- 
versal — 

Sentential calculus [propositional 
calculus, theory of deduction], 

19 ff., 54,66,85, 137, 146 ff., 227; 

— conjunction, 19; — function, 

4ff., Ilf., 14, 37, 39 ff., 47 f., 

69 ff., 87 ff., 102 f., 122, 126, 

133, 139, 146, 148; — variable, 

37ff.. 47, 66 ^ 

Separate two sets of numbers, 216 t. 

Set(s), 68 

Set of all numbers such that, 69 ff. 

Set of points, see: Cieometrie con- 
figuration, Locus of the points; 

— — numbers, — — integers, 

68 ff,, 124 f., 166 ff., 170, 198 f., 
205 f., 214 ff. 

Side of an equation, — — — 
equality, 165, 178; — — - 
equivalence, 32 f. 

Sign(s), 112 

Single-valued function, 102 
Singular sentence, 9 
Socrates, 228 
*S'ome, 10 

Specific expression, — statement, 
term, 18, 119, 133 
Stand for a designation, — — 
name, a sentence, 6 f., 66 

Statement, see: Asserted — 

Stoic School, 27 

Strong law of trichotomy, see: Law 
of trichotomy 
Subclass, 74 f. 

Substitution, see Rule of — 
Subtraction of numbers, 180 !.» 
184 f. 

Successor with respect to a relation, 

88 f., 08 f. 

Sufficient condition, 29 
Sum, see: Algebraic — ; of [union] 
of classes, 77; — of [result of 
adding] numbers, 166 f.; 
[union] of relations, 01; - 
sentences, see: Disju^^ 


in- 


a 


Summand of a logical sum, see; 

Member of a disjunction; 

a sum of numbers, 156, 170 f. 

Superfluous axioms, 131 f., 191 ff.; 
primitive terms, 132, 196 

Suppositio formalis, — materialis, 

69 

Syllogism, see: Law of the — 
Barbara, Laws of the categori- 
cal — , Laws of the hypothetical 

Symbol, 4, 58, 60 

Symbolic logic, see: Mathematical 
logic 

Symbolism, see: Logical — ; — of 
sentential calculus, 38 f. 

Symmetrical relation, 93 ff., 114, 

122 f. 

Synonymous, 95 

Syntax, see: IjOgical ^ 

System(s) of axioms, see: Axiom 
system; — — mutually inde- 
pendent axioms, see: Independ- 
ent axiom — ; — primi- 

tive terms, see: Independent — 

of primitive terms; terms, 

primitive terms, 131, 204, 

210; — — sentences, 3, 120, 
130 f.. 195 

Table, see: Truth — 

I'autology, see: Laws of — 

Term(s), 3, 18 

Ternary relation, see: Ihree- 
termed relation 

The, 100 ... 

The same as, see: Identical with 

Theorem (proved statement], 3, 
117 ff., 133 ff. 

Theory [discipline, science), see: 
Deductive — , Mathematical , 
Scientific — ; — of apparent 
variables^ see • Functional caN 

cuius; classes, 68 ff.; “ 

deduction, see: Sentential cal- 
culus; groups, 108, 169; 

identity, 64 ff.; [ 

logical! types, 74, 228; — — 

proof, 140; “ properties. 

72; — — relations, 87 ff., 

122 f., 166, 209; sets, see: 

General 

Then, see: // t , . ,, 

There is I exist], 

at most, 

least, at 

3ff., 
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Three-termed (ternary) relation, — 
functional relation, 105 ff., 183 

Traditional (Aristotelian, old) logic, 
xiii, 19, 76 f. 

Transformation of an algebraic 
expression. 171, 189 

Transitive relation. 114, 

122 f., 157, 166 

Transposition, see: Law of contra- 
position 

Tricnotomy, see: Law of — 

True sentence, 3 ff., 20 ff., 31, 36, 
40 ff., 58, 60. 118, 135 ff., 146, 
151, 175 f. 

Truth function, 39 f. 

Truth tableCs) (Matrix), 40 ff. 

Two, 63 

Two-termed (binary) relation, — 
functional relation, 106, 106 ff. 

Two-valued function, 102 


Universe of discourse, 73, 94, 156, 
170 

Unknown, 6 

‘^Vacuously” satishcd implication, 
76 

Vailati, G., 166 

Value of a function, see: Function 

— ; a variable, 6; the 

dependent variable, — — — 
independent variable, 100, see 
also: Function — , Argument — 

Variable, 3ff., 47 f., 66. 68, 88 f., 
99, 107 f.. 139; number.” 
quantity,” 4, 99 f. 

ViETA, F., 14 

Vicious circle in definition. 36, 81, 
117; proof, 36, 118 


Unary operation, 108 
Undefined term, see : Primitive term 
Union of classes, see; Sum of 
classes: — — relations, see: 
Sum of relations 

Unit element of an operation. 219 f., 

Uni^real class, 72 f., 75, 79, 88, 94, 
170; — quantifier, 9ff., 38, 42, 
47 f., 63 f.; — relation, 90;. — 
sentence (sentence of a uni- 
versal character], 7, 9, 37 f., 157 


Warsaw center, 140 
We say that, 34 ff . 

Weak law of trichotomy, 167 
Whitehead, A. N., 19, 81; — and 
Russell, 19, 74, 81, 228 f. 
WOODQER, J. H., 228 
Word, 58 ff., 113 

Young, J. W., 228 

Zero, 182, 216 ff. 
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